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Simple testing

v

Data: X = (X,...Xp) i.i.d.~ N (i, 1), > 0 unknown
Question: is u = 0 (no signal) or > 0 (signal) ?

\4

\4

Null hypothesis Hyp: " = 0" versus alternative Hy: "p > 0"
Test statistic: T(X) = n"723"_; X;, under Hy T(X) ~ N(0,1)
T(X) in the tail of N(0,1) = unrealistic = reject Hp

v

v
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Test of level «

» Reject Hp if T(X) > z1_, the 1 — « quantile of N/(0,1)
» & if the p-value p(X) = (T(X)) is < «

— 105 — T2
=031 p-0.023]

Why "level o 7

Chance to wrongly reject = make a false positive :

Pry (p(X) < @) = Py, (T(X) = 21-0) <

= Control of type | error
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Multiple testing

» Now each X; is a vector (X1, ..., Xim) ~ N(p, Id,) with
p=(p1,...,m) € RY
» m null hypotheses Hp;: "pi; = 0" versus Hyj: "p; > 0"

» At least one false positive with P=1— (1 —a)™ — 1
mgo—» 00

» Example if m = mg = 48, o = 0.05:

AW/N
VAWAN
VAWAN
VAWAN
UAWAN
VAWAN

SCSCS
SCSGSG
SCSGEG
>SS
>SS
>SS
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Multiple testing

» False positives explosion with m
» m=my =192, a = 0.05:

AAJ\J\J\_kJ\J\AJ\J\J\J\J\J\J\
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NNNNNNNNNNNNNNNI/N
NNNNNNNNNNNANNNNIN
NNNNNNNNNNNNANNNIN

Modern applications
» Gene expression, GWAS, fMRI...
» m=10%10°, 10°

» Too many false positives without correction
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Formal setting

v

Data X € (X, X) with X ~ P € P a collection of distributions, P
unknown

v

m null hypotheses Hp ; which are subsets of P
Label vector 8(P) € {0,1}™ with §; =0 < P € Hp

m p-values p; = p;(X) such that p; = U([0,1]) if §; = 0 (stochastic
dominance)

v

v

» Each p; provides an « level test : Py.—o(p; < o) < «
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Rejection set
Thresholding

> R(t)={i:p <t}
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Thresholding

Ordering p-values

> R={i:pi <t}
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Family-Wise Error Rate (FWER)

v

Probability to make at least one false positive
Let V(R) = >X21(1 — 0i)Lyicry,

v

FWER(R) = P(V(R) > 0)
FWER(R(1)) = P(3i,0, = 0: p; < 1)

v

Philosophy : we don't want any false positive
Choose t, such that FWER(R(%,)) < «

Bonferroni method: %, = < is valid (union bound)

Variant: k-FWER(R) =P(V(R) > k)

v

v

v
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[llustration of Bonferroni method
a=02,m=100
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False Discovery Rate (FDR)

FWER too stringent

Especially for exploratory experiment where:
» mis large

» we want a lot of detections,

> so we can allow some false positive

False Discovery Proportion(FDP) and FDR

FDP(R) = |g|(\lj)1

FDR(R) = E[FDP(R)]

» Choose a t, such that FDR(R(%,)) < a ?

G. Durand (LPMA) Error rates
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Benjamini-Hochberg method (BH)

[Benjamini and Hochberg (1995)]

> Sort p-values: p) < - < pim)

> Let k = max{k € [1,m] : p) < a%} or 0 if empty set
k

» Choose t, = tgy = a

Theorem [Benjamini and Hochberg (1995)]
If the p; are independent, then

FDR (R (%BH)) <a

G. Durand (LPMA) Error rates 16 / 50



[llustration of BH method
a=02,m=100
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Proof of FDR control

Lemma

» Let i such that p; < a% and apply BH to all p-values except p;,
changing the critical constants in the following way:

> Let k= = max{k € [1,m—1] : p(_k") < a*tl} or 0 if empty set
» Then k' =k -1

Proof
> Forl;gkgm—l,p(*k"):p(k+1)>aT:>lA<_"§lA<—1

> Pty = Pl O Py <

G. Durand (LPMA) Error rates

18 / 50



Proof of FDR control

FDR(BH) =

2i:0i=0 {p,<ak/m}
kvi

(p,- < ak/m, k= k)

Il
T|M '—'
blﬁs

o
x
|l

-

IA
Mz
x|

P (Pi < ak/mk " =k— 1) (lemma)

i:0;=0 k=1
m
1 ;
< Z —P(pi < ak/m)P < =k— 1) (independence)
k
i:0;=0 k=1
« i i mo
<2 ZIP’( :k—l)za—ga.
M 6=0 k=1 m
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Motivation
Grouped hypotheses

Context

Test hypotheses that have a group structure

Example :

» fMRI studies. 1 voxel = 1 p-value. Different groups in the brain
where they have different distribution.

G. Durand (LPMA)
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Deal with groups
Weighting

» By weighting the type | error rate [Benjamini and Hochberg (1997)]
» By weighting the p-values :
» For FWER control [Holm (1979)]
» For FDR control [Genovese, Roeder, et al. (2006)], [Blanchard and Roquain

(2008)], [Hu, Zhao, et al. (2010)], [Zhao and Zhang (2014)], [Ignatiadis, Klaus,
et al. (2016)]

» Search for optimal power [Roquain and Wiel (2009)]

G. Durand (LPMA) Motivation, weighting 22 / 50



The well-known BH procedure

v

Sort p-values p(1) < -+ < p(m)
Let k = max{k : P(ky < ak/m}

v

\4

Reject all p; < a%

v

FDR control at level mgax when wPRDS [Benjamini and Yekutieli (2001)]

FDR(R) = E [FDP(R)] and FDP(R) = {24l with %o the true nulls J

G. Durand (LPMA) Motivation, weighting 23 / 50



The well-known BH procedure

N /ﬁ/
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An example of weighted BH

» Weights can increase detections = increase power ?




In this talk

v

A generalization of IHW [ignatiadis, Klaus, et al. (2016)]

v

Asymptotic FDR control and power optimality
Also a stabilization variant

v

Numerical illustrations

v
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Back to BH

> Order p-values : p) <+ < p(m)
> Let k = max{k : P(ky < ak/m}

» Reject all p; < a%
Useful other formulation

% = max{u : a(u) > u} :ZI(E) where

G:u— m > 1y <auy u €[0,1]
i=1

» The only formulation that makes sense asymptotically

G. Durand (LPMA) Background 28 / 50



An illustration of I(/G)

Last crossing point between G and the identity
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Weighted BH (WBH)

Take some weights (w;)1<j<m,w; > 0, form

m

~ 1

Gy :u—m Z]l{PiSOéUWi}
i=1

and reject all p; < abw; with & =7 (@W)

» Choose the right weight space for FDR control, such as

fosn)

» BH is a WBH procedure with w; = 1 Vi.

G. Durand (LPMA) Background 30 / 50



Multi-Weighting

A generalization to non-linear weight functions [Roquain and Wiel (2009)]

Take a weight function v +— W/(u) such that

m
Gy :ur mt Zﬂ{PiSQUW(U)} is nondecreasing,
i=1

then MWBH (W) = {i : p; < aW; ()} with & = Z (Gw).

A WBH(w) is a MWBH with constant weight function u +— w.

G. Durand (LPMA) Background 31 /50



Optimal weighting

» Consider the procedure R, ,, rejecting p; if pi < auw;
» Maximize its power for all v on a given weight space W :
Definition of optimal weights [Roquain and Wiel (2009)]

W;, (u) = arg max Pow (R, )
w

we

Power definition

Pow (R) = mE[|R N H4|]

» Differs from the usual definition with m; by a multiplicative factor
» Depends on the F;'s, the c.d.f. under H;

G. Durand (LPMA) Background 32 /50



Optimal weighting

Existence, uniqueness and asymptotics

» Assume regularity properties of the F; (concavity), fulfilled in the
gaussian 1-sided framework

> W={w:3,;w <m}

Theorem [Roquain and Wiel (2009)]

We have existence, uniqueness of W, (and other nice properties).

Theorem [Roquain and Wiel (2009)]

Moreover, MWBH (W) asymptotically enjoys FDR control at level mpa
and power optimality among all WBH procedures.

G. Durand (LPMA) Background 33 /50



Optimal weighting

Motivation

» F; unknown under the alternative ! So is W},
» {w:>;w; < m} = moa-FDR control = conservativeness

Goal
» Estimate the oracle optimal weights
> enlarge WV in a way that incorporates 7 estimation

» obtain asymptotical results on FDR control and power optimality

—> Adaptive Data-Driven Optimal Weighting (ADDOW)

G. Durand (LPMA) Background 34 / 50
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ADDOW

Model

\4

G groups of sizes m,, hypotheses H, ;, p-values py
Pe.ilHg,i = 0~ U([0,1])
Pg,ilHg,i = 1 ~ Fg with F, strictly concave

\4

v

v

p-values follow weak dependency [Storey, Taylor, et al. (2004)]
» « > some critical o (0 in Gaussian 1-sided) [Chi (2007)], [Neuvial (2013)]

G. Durand (LPMA) New procedures 36 / 50



ADDOW

o estimation

. N N P .
> G estimators 71z o such that g0 — Tg0 > g0

v

Non Estimation (NE) : 7tz 0 = figo =1 Vg

v

Evenly Estimation (EE) : 7z 0 = 7o Vg

\4

Consistent Estimation (CE) : 7z 0 = mg,0 Vg

W = {W 1D g mﬁfrg,owg < 1} allows larger weights !

v

G. Durand (LPMA) New procedures 37 / 50



ADDOW

Definition

ADDOW = MWBH (VT/)

where

Yu, W*(u) = arg maxG,, (u)
wew

=—> W™ maximizes the rejections
Key idea

Under (CE) or (ED)+(EE), maximize the rejections is the same as
maximizing the power

» (ED) : Evenly Distribution, mg o = mg Vg
Remark : under (NE), ADDOW=IHW [ignatiadis, Klaus, et al. (2016)]
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sADDOW;

Stabilization for weak signal

» ADDOW overfits so FDR control lost with weak signal in finite sample
» We should prefer BH then
» = test if there is signal before choosing the procedure, like KS tests

Definition
ADDOW  if g5 = 1{z,5q,,) = 1

sADDOWg = { BH ifop =1(z,595,,} =0

with Zpm = \/msup,cpo 1) (aw*(u) - au) and gg,m the (1 — ) quantile of
Zom (independent copy of Z,, under full null, (NE), and independence).

v
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Asymptotic FDR control

Theorem
lim FDR(ADDOW) < a

m—o0

Moreover if o < 7 :

lim_FDR(ADDOW) = ~%a if (ED)-+(EE), = a if (CE)
m—o0 0

Proofs inspired by [Roquain and Wiel (2009)], [Hu, Zhao, et al. (2010)] and [Zhao and
Zhang (2014)].

Corollary

In (ED) case :
lim FDR (IHW) = mav.

m—00

G. Durand (LPMA) Results 41 / 50



Power optimality

Theorem
In (CE) or (ED)+(EE) case,

lim_Pow (ADDOW) > lim sup Pow (MWBH (1) )

m—0o0

for any weight function such that 3°, %ﬁgyowg(u) <1.

Corollary
In (ED) case,

lim_Pow (IHW) > lim sup Pow (MWBH (17/) )

m—00

for any weight function such that 3, %/M\/g(u) <1.

G. Durand (LPMA) Results 42 / 50



sADDOWg equivalent to ADDOW

Theorem

sADDOWyg is asymptotically equivalent to ADDOW because ¢g 251
when m — oo, even if 5 = 8, — 0 not too slowly
(Bm > exp (—m*~) ,v > 0).

Proof relies on the DKWM inequality [Massart (1990)]

G. Durand (LPMA) Results 43 / 50
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Stabilization for weak signal : i = 0.01
m =m = 0.5, mo = 0.8, u1 = 1, 2 = 2u, 1000 replications
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Stabilization for strong signal : 1 =3
m =m = 0.5, u1 = 1, pu2 = 21, 1000 replications
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Comparison with other methods
o = 0.05, 1,0 = 0.7, 2,0 = 0.8, mi; = mp = 1500, 6 = 0.025, M1 = ﬂ and M2 = 2ﬁ, 2000
replications

v

ADDOW, the oracle and ZZ in (NE) and (CE) cases [Roquain and Wiel
(2009)], [Zhao and Zhang (2014)]

v

Varying signal 1

v

Also ABH and HZZ : only adaptation to 7 [Hu, Zhao, et al. (2010)]
sADDOWjg in (NE) case

v
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Comparison with other methods

Difference of power w.r.t. BH FDR plot
0.09
0.08
0.08
= 0.06 o 007 4 |
H
I
5 x
3 )
2 I 0.06 o
2
2 004
5
0.05 4 -
0.02 o
0044 .
0.00 o 0.03
T T T T T T T T T T T T T T T T T T T T T T
P~ T S S S Y Y N S S P T S S S Y, R Y N S S
g & & & & & 5 R g & B g 8 &8 & B g 8 B g 9 B
s o o S - - o o s o o S - i o~ o
mu bar mu bar

» Overfitting in both cases
» Benefit of mp-adaptation
» « level FDR control ?



BH better than IHW

Possible outside of (ED) case !
a = 0.7, 0 = 0.05, m0 = 0.85, my = 1000, my = 9000, x1 = 2 and p2 = i, 1000
replications

Difference of power w.r.t. BH FDR plot
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Conclusion

v

Optimal asymptotical properties but with strong assumptions and
possible overfitting

v

Positive dependence ?

\4

Use a better estimator of the rejections than E;W ?
FDR bound in finite sample ?

v

v

Convergence speed ? With more regularity assumptions on F, 7

Preprint available: arXiv:1710.01094
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Multi-Weighting

A practical way to compute 7 (EW)

No need to compute W/(u) for each u !

Vk € [1, m], compute all W_(‘<_ and take gi the k-th smallest.

)
Let go = 0.

Then 7 (@W) =m Imax{k € [0,m] : gk < aX}.

G. Durand (LPMA)
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Stabilization variant

Main idea (under independence)
Weak signal = Z,,, close to Zy, in distribution, and

FDR (sSADDOW;) = E [¢5 FDP (ADDOW) + (1 — ¢5) FDP (BH)]
< E[¢p + FDP (BH)]

m
<P(Zm > qpm) + 700‘

mg
S P(ZOm > qﬂ,m) + ?O‘

< B+ 2
m

G. Durand (LPMA)
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About the computation of w*
Key ideas

» Compute only W*(u) foru=2L1 2 m=l}

m'm’ " m
- = . i A Pg i,
» Fixing u, w — Gpw(u) only jumps at the 28/ —; Jet Wg(u) = 2£
such that >° mg=—*6 < m and max}_, g

> Gy, (u) nondecreasing in u AND w : try to reject 1 hyp, then 2, then
3... for u = # when fail at k hyp, try to reject k hyp for u = %

5/5



	Multiple testing
	From simple to multiple tests
	Multiple testing framework
	Error rates

	Adaptive data-driven optimal weighting
	Motivation, weighting
	Background
	New procedures
	Results
	Simulations


