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General multiple testing setting

» Random data X : (Q2,7,P) — (X, =) with unknown distribution
1 € § a family of distributions

» m null hypotheses Hp; C § about p

> Ho=Ho(p)={i:neHoi}: i €Hoe e Hyj < Hyjis true

» m p-values p; = p;(X) such that p; = U([0,1]) if i € Ho

> Notation: for any subset of hypotheses S C Np,: V(S) = |SNHo| =
false discoveries in S
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Classical multiple testing theory

» Form a rejection procedure R : X — P(N,,) with a statistical
guarantee on V(R(X)) no matter
» FWER(R) = P(V(R(X)) > 0)
» Controlled by the famous Bonferroni procedure:
Reonf(X) = {I cpi(X) < m}
» FWER control too stringent for applications = FDP(R, X) = |‘,/?(('§<())|<\2
and FDR(R) =E [FDP(R, X)] [Benjamini and Hochberg (1995)]

» FDP or FDR control = allow for some false positives but in controlled
proportion

» Controlled under wPRDS (or independence) by the
Benjamini-Hochberg procedure [Benjamini and Yekutieli (2001)]
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Benjamini-Hochberg procedure
» Order the p-values p;) < ... < pim), let poy =0
> Let kgy = max{k Dy (X) < a—nf} and

Ren(X) = {i 2 pi(X) < ke }.

Theorem [Benjamini and Hochberg (1995)], [Benjamini and Yekutieli (2001)]
> If the p-values satisfy the wPRDS dependence condition, then

Vo € (0,1),Vu € §, FDR(Rgn) < a% <a,

where my = |Ho|
» If the p-values are independent and if p; ~ U([0, 1]) for all i € Hy,

Va € (0,1),Vu € §, FDR(Ren) = a% <a

v

Take-home message: the uniform case is the “worst case” for which BH is
calibrated = BH is too conservative for super-uniform p-values
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Discrete setting

> As soon as data is discrete, e.g. count data
» p-value distribution is also discrete but still super-uniform
» Example 1: binomial distributions
> F= {®Jm:1 B(nj,m;) : Vj € Ny, m; € [0, 1]} for some ny,..., N,
> Hyi = {®Jm=1 B(nj,mj) €§:mi = 7T,',0} for some 1.0, ..., Tmo
> pi(-) i x = P(N; < x) or pi(-) : x = P(N; > x;) for one-sided tests,
where N; ~ B(n;, ;)
> pi(:) : x = P(fi(N;) < fi(x;)) for two-sided tests, where f; = pmf of
B(ni, 7o)
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Discrete setting
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Discrete setting

» Example 2: Fisher's exact test for 2 x 2 contingency tables

P to test independence or homogeneity of binomials, by conditioning on
the marginal counts:
> (Xl, Yl)7 ey (X,,, Yn) iid ~ Cat(ﬂu)lgigz if X1 L Y7 then

1<j<2
E(N11|N1,, Nl) = ’H(n, /\/1.7 Nl)
> (Xi,..., Xny) iid ~ B(mx), (Y1,..., Ya,) iid ~ B(my), indep samples,
if Tx = 7y then ﬁ(N1x|N1.) = H(nx + ny, Ny., nx)
> e.g., study association between amnesia and some drugs in a database
of reported adverse events from the Medicines and Healthcare products
Regulatory Agency in the UK [Heller and Gur (2014)]
» Other examples exist like Poisson variables modelling read counts of
different DNA bases in next-generation sequencing [Jiménez-Otero,
Uha-Alvarez, and Pardo-Fernandez (2019)]
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Discrete setting
The problem
> As discrete p-values are larger than uniforms, classic (=BH)
thresholds are too low = too conservative = loss of power
» BH under full null, m/3 2-sided p-values derived from #(60, 5, 30),
m/3 from H(60,12,30), m/3 from (60,21, 30)
» MC estimation of the FDR with 10* replications

FDR of BH with uniform pval. VS BH with discr. pval.
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Discrete setting
The idea

» Under the null, the cdf of p; is known and can be plugged in a new
procedure
» If the p-values are also heterogeneous, such procedure could regain
power
» Formalism for the remainder:
© Vi e Ny, 34, finite such that P(p; € A;)) =1,V € Hy
@ Vi € Hyj, the cdf of p; is equal to F; (or, more generally,

upper-bounded by F;)
Q let A={0}UU", A
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Step-up procedures

and step-down procedures

» Given a nondecreasing nonnegative sequence 7 = (71,...,7m), the
respective step-up and step-down procedures associated with 7 are:

RSU(T) = {ieNm:piSTl’%su}
RSD(T) = {iENmZp,'STf(SD}
with
SV = max nggm:p(k)STk}
kP = max{0< k< m:VK <k puoy <7}

» with 79 = 71 by convention
» The 7y are called the critical values
> Rgy = RSU(T) with 7 = ok

m
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FDR control with discrete p-values

Heyse procedure

CDFs of discrete and uniform p-values
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FDR control with discrete p-values

Heyse procedure

> = idea: “invert” the mean c.d.f. at a% and apply a SU procedure
[Heyse (2011)]

Let F(t) = L S>7, Fi(t)

Let 74 = max{t eA:F(t) < a%}

RHeyse — RSU (7_)

BH is also the SU procedure with &, = max {t cA:t< a%}

vV vy VvYyy

(effective critical values), F (&) < & < aX so 7 > &: Heyse less
conservative than BH, only with heterogeneity though: if F; = F and
Fi(t)=1t,Vt € A; = Athen F(t) =t forall t € A and 74 = &

» Problem: R™e¥s¢ doesn't control the FDR! [Déhler, D., and Roquain (2018)]
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FDR control with discrete p-values

» Heyse almost works though, it works up to a small rescaling factor
> Let Tm—max{teA T ,E.t()t) <a}

» For k < m, IetTk:max{te.A:tSTm, 7’1%<ak}

> Let RMSU = RSV (7)

» Can be more conservative than BH but not that much, and in
practice isn't

Corollary [Dshler, D., and Roquain (2018)]

Assume that for all 11 € §, the (pj)icn, are independent, and they are
independent from the (p;)ien; -

Then for all 4 € §,
FDR (RHSU) <a
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FDR control with discrete p-values

» We can do even better by implicit adaptivity to myg:
> For k < m, let

Fi(t
Tk =max{tc€A:t<T7, max Zl i(t) ak

—F =
IAIZAE%H €A Fi7m)
» Idea: if k "good" rejections, my < m — k + 1 so the control is only
needed for the worst case with m — k + 1 kept null hypotheses
> Let RAHSU — RSV (1)

P Less conservative than HSU because of larger critical values

Corollary [Dshler, D., and Roquain (2018)]

Assume that for all 11 € §, the (pj)icn, are independent, and they are
independent from the (p;)ien; -
Then for all p € §,

FDR (RAHSU) <a
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FDR control with discrete p-values
» Both FDR controls come from the same bound

Theorem [Dshler, D., and Roquain (2018)]

Assume that for all i € §, the (pi)ien, are independent, and they are

independent from the (pj)icw,. Let any critical value sequence 7 with
Fi(tm) <1 for all i € Np,.
Then for all 4 € §,

1<k<m ACNpn

1 F,' Tk
FDR (RSU(T)) < max  max p Z #(7)_’”) (1)
|Al=m—k+1 €A

» This bound is very general and can be applied to other (non-discrete,
non-super-uniform) settings e.g. weighting
» Freedom in the choice of 7, as soon as

Tm € {t € A:Vie Ny, F(t) <1, maxen, 1fi/§,-t()t) < am}

> = idea: tune it, ongoing exploration by Romain Périer
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FDR control with discrete p-values

> HSD: SD with 7 = max {t € A: 277, F < ak}
» AHSD: SD with 7, = max{te A: max Z Fi(t) < ak
ACNp, — Fi(t)

|Al=m—k+1 jea t
» Higher critical values than HSU and AHSU, but SD: no procedure
generally better than the other

» No singular choice of 7, here

Theorem [Déhler, D., and Roquain (2018)]

Assume that for all ;1 € §F, the (p;)icn, are independent, and they are
independent from the (p;)icy,. Let any critical value sequence 7 with
Fi(tm) < 1 for all i € Np,.

Then for all 4 € F,

1 Fi(Tk)
SD
< - 7
FDR (R*°(r)) 15 AdNe K 2 1= Fi(m)
|Al=m—k+1 (€A




New FDR bounds

Computational trick [D., Junge, Déhler, and Roquain (2019)]

> No need to compute 7 to execute HSU, AHSU (except 7,,), HSD,
AHSD
» For example, for AHSU:

F(p k
Vk < m, puy < Tk <= pr) < Tm and max — Z . Tm) < a;
\A\ m— k+1 i€eA
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Numerical experiment

> Fisher's exact test of homogeneity, amnesia dataset

Critical values of BH and AHSU, and p-values of the amnesia dataset
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Motivation: exploratory analysis in multiple testing

Exploratory analysis: searching interesting hypotheses that will be
cautiously investigated after.
Desired properties [Goeman and Solari (2011)]:

» Mildness: allows some false positives

P Flexibility: the procedure does not prescribe, but advise

» Post hoc: take decisions on the procedure after seing the data

[Goeman and Solari (2011)]

This reverses the traditional roles of the user and procedure in multiple
testing. Rather than [...] to let the user choose the quality criterion, and
to let the procedure return the collection of rejected hypotheses, the user
chooses the collection of rejected hypotheses freely, and the multiple
testing procedure returns the associated quality criterion.

G. Durand Post hoc 23 / 40



Post hoc and replication crisis

Post hoc done wrong: p-hacking
> Pre-selecting variables that seem significant, exclude others
» Theoretical results no longer hold because the selection step is random

» Example: selecting the 1000 smallest p-values in a genetic study with
10° variants

» p-hacking may be one of the causes of the replication crisis (many
published results non reproductible)

= need for exploratory analysis MT procedures with the above properties
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Post hoc inference

Or simultaneous inference
Upper bounds for any set of selected variables

A (post hoc) confidence envelope is a random function
V : P(Ny) — [0, m]

such that: R
P (VS C N, V(S) < V(S)) 21— @ (2)

V depends on (X, a) and (2) has to be true for all p.

Hence for any selected S, P (V(g) < V(g)) >1— « holds

Also an FDP bound: PP (vs C N, FDP(S) < V(S )/|5|) >1-a

| 4

>

» — allows construction of sets with bounded FDP (FDX control)

P First proposed by [Genovese and Wasserman (2006)]

> A guarantee over any selected set instead of a rejected set, advise
some S instead of prescribe one R : the MT paradigm is reversed
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FDX control is more relevant than FDR control
[Bogdan, Berg, Sabatti, et al. (2015)]

» A bad example of BH with positive dependence (hence FDR control)

100 200 300
|

'r
!

FDP
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BNR technology

[Blanchard, Neuvial, and Roquain (2020)]

Key concept: reference family
» R = (R, Ck)kek (random) such that Joint Error Rate (JER) control:

JER(R) = P (3k, |Re N Ho| > ¢) < a. (3)

R depends on X and (3) has to be true no matter £(X).
> Conversely, P (Vk, V(Rk) < (k) > 1—«
» Confidence bound only on the members of SR

» — Derivation of a global confidence bound by interpolation
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BNR technology

[Blanchard, Neuvial, and Roquain (2020)]

Idea: we get the following info on Hj:

Ho € A(R) = {A € P(Np,) : Vk, |[Re N Al < (i}

Two different bounds
> Vi(S) =max{|SNA|: Ae A(R)} optimal but hard to compute
> V(S) = ming (Ck +|S \ Rk|) A |S] easier to compute, > Vi5(S)

> Property: if (R) is nested, then Vi = Vi
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BNR technology

Practical construction

P In [Blanchard, Neuvial, and Roquain (2020)], constrain (, = k — 1,
Rk ={i € Npm, pi < ty}, k € Ny, ty / and search for (tx)1<k<m
such that JER control holds

» = JER control becomes “simultaneous k-FWER control”:
JER(R) = P (3k, |Rk N Ho| > k)

txy ' = nested Ry's

» In the end, V;%(S) = minlgkgm(k -1+ ZiES ]l{p,->tk}) N ‘5|

v
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BNR technology

Practical construction, Simes inequality

Theorem (Simes inequality [Simes (1986)])

Assume that for all 1 € §, the (pj)ien, are independent or wPRDS.
Then for all 4 € F,

P <5|i < Mo, P(ite) < ;:—;) < a,

where p(1.20) < -+ < P(mg:2,) is the ordering of (p;)ic,-

» Simple proof given the FDR control of REH: BH applied to (pi)icn,

» Notice that FWER = FDR when all null hypotheses are true
> Hence

al
P < < 20} — FWER(RBH
P <3: < Mo, P(iste) < mo> (Ro™)

= FDR(REM)
<«
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BNR technology

Practical construction, Simes inequality

> Consequence: Vu € §, P (Eli < mo, p(ig) < %) < « (because

m > mg)
> = = D‘Fk induces JER control
» Proof:
3k§K:|Rkﬂ”H0|2k<:>Elk§mo:HieNm:piga—nf}ﬂ’Ho > k
k
ﬁﬂkgmo:‘{ieHo:pig%sz

ak
< Jk < mo Py < —
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BNR technology

Practical construction with heterogeneity

» Core idea: we can derive a similar “Simes-like” inequality thanks to
the FDR control of HSU and AHSU

» And then build R = ({i € Ny, pi < 74}, k — 1), with the 7,
critical values of HSU or AHSU

» Going from the “full null” case to the general case is slighty more
subtile though, the “m > mg" argument is still key but not that
straightforward
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BNR technology

Practical construction with heterogeneity

Theorem (Heterogeneous Simes inequality) [Périer, Blanchard, Dshler, et al.
(2026)]

Assume that for all 1 € §, the (p;)ien, are independent. Let (7) a
sequence of critical vaIues such that

max max Z < a.
1<k<m ACN, k Tm)
|Al=m—k+1 jea 1
Then for all 4 € F,

P (31' < Mo, PiHe) < Ti) <a.

> we recognize the bound in (1)
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BNR technology

Practical construction with heterogeneity

» Proof: note that —+% < —2 Vi, then apply the SU bound
1 FI(TmO) 1 FI(Tm)
(1) to the full null SU procedure:

P (3/ < Mo, PliHe) < Ti) = FWER (RSU ((Tk)kgm()))
— FOR (RS (") icmy))

< max max - P —
T lsksmg ACHo ki 1— Fi(Tm,)
|Al=mo—k+1 '€

< max max  — P
T 1<k<m  ACNm k51— Fi(Tm)
|Al=m—k+1 '€

<«
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Application to the amnesia dataset

» Plot of t — V3i(S:) where S; = the indexes of the t smallest p-values
» Smaller is better

> Fast computation of (Vg(St)),cy,, with Algorithm 1 of
[Enjalbert-Courrech and Neuvial (2022)]
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Numerical experiment

Amnesia dataset

Upper bounds on the number of false discoveries by Simes and hetero-Simes

~— hetero-Simes with AHSU crit values
- = Simes
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Numerical experiment

Amnesia dataset

Upper bounds on the FDP by Simes and hetero-Simes

a —| = hetero-Simes with AHSU crit values
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Adaptivity to mg by plug-in

> We can go further by estimating mg with our bound and plugging it in

> A step-down refinement akin to the Holm-Bonferroni procedure
@ Refine (1) with

1 Fi(Tx)

SU

) 1« ()

FOR (R%V(r)) < max — max o > = ()
|Al=m—k+1 i€EANH

@ Define “oracle AHSU" critical values with 7, = 7, and

Fi(t)
P = te A t<7 d
T me =T AL T Fi(Tm)
|A|=(m—k+1)Amg €A

< ak
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Adaptivity to mg by plug-in

© Let B={Vi < mo, p(j-e) > Ti}, then
P(B%) =P (3i < mo, p(is) < 7i) < by (4)
@ On B, we also have Vi < mo, P(i:Ho) > Ti because 7 > 7« Vk, hence
mo < V;%(Nm) = ﬁ’lo
© Define adaptive AHSU critical values 7, = 7, and
X . Fi(t)
= < — <
Tr=maxteA:t <7y, /r\ngg; Zl—F;(?m)_ak
|A|=(m—k+1) Ay €A
On B, we also have 7 > 7y Vk (from my < fig and the def of 74, 7)

Finally, on B, Vi < mo, p(j:344) > Ti

JER control with ({i € Ny, pj < 7}, k — 1)y, and 7 > 74 Vk

vVvy ©0

Get a new g and start again, everything stems from P (B¢) < «

G. Durand Post hoc 39 / 40



Conclusion

» (Many) new procedures controlling the FDR under heterogeneity, well
suited to discrete tests

» Also, new FD confidence envelopes with adaptive refinements

» Challenges: independence assumption [Dshler (2018)]

» One published paper [Dshler, D., and Roquain (2018)] for FDR control

» A suite of R packages [Kihn, Dshler, and Junge (2025), Junge and Kihn (2024),
and Déhler, Junge, and D. (2024)] for discrete tests and FDR control

» One preprint just out about heterogeneous confidence envelopes
[Périer, Blanchard, Déhler, et al. (2026)]
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