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General multiple testing setting

▶ Random data X : (Ω, T ,P) → (X , Ξ) with unknown distribution
µ ∈ F a family of distributions

▶ m null hypotheses H0,i ⊂ F about µ

▶ H0 = H0(µ) = {i : µ ∈ H0,i}: i ∈ H0 ⇔ µ ∈ H0,i ⇔ H0,i is true
▶ m p-values pi = pi(X ) such that pi ⪰ U([0, 1]) if i ∈ H0
▶ Notation: for any subset of hypotheses S ⊆ Nm: V (S) = |S ∩ H0| =

false discoveries in S
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Classical multiple testing theory

▶ Form a rejection procedure R : X → P(Nm) with a statistical
guarantee on V (R(X )) no matter µ

▶ FWER(R) = P(V (R(X )) > 0)
▶ Controlled by the famous Bonferroni procedure:

RBonf (X ) =
{

i : pi(X ) ≤ α
m

}
.

▶ FWER control too stringent for applications ⇒ FDP(R, X ) = V (R(X))
|R(X)|∨1

and FDR(R) = E [FDP(R, X )] [Benjamini and Hochberg (1995)]
▶ FDP or FDR control ⇒ allow for some false positives but in controlled

proportion
▶ Controlled under wPRDS (or independence) by the

Benjamini-Hochberg procedure [Benjamini and Yekutieli (2001)]
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Benjamini-Hochberg procedure
▶ Order the p-values p(1) ≤ . . . ≤ p(m), let p(0) = 0
▶ Let k̂BH = max

{
k : p(k)(X ) ≤ αk

m

}
and

RBH(X ) =
{

i : pi(X ) ≤ αk̂BH
m

}
.

Theorem [Benjamini and Hochberg (1995)], [Benjamini and Yekutieli (2001)]

▶ If the p-values satisfy the wPRDS dependence condition, then

∀α ∈ (0, 1), ∀µ ∈ F, FDR(RBH) ≤ α
m0
m ≤ α,

where m0 = |H0|
▶ If the p-values are independent and if pi ∼ U([0, 1]) for all i ∈ H0,

∀α ∈ (0, 1), ∀µ ∈ F, FDR(RBH) = α
m0
m ≤ α

Take-home message: the uniform case is the “worst case” for which BH is
calibrated ⇒ BH is too conservative for super-uniform p-values
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Discrete setting

▶ As soon as data is discrete, e.g. count data
▶ p-value distribution is also discrete but still super-uniform
▶ Example 1: binomial distributions

▶ F =
{⊗m

j=1 B(nj , πj) : ∀j ∈ Nm, πj ∈ [0, 1]
}

for some n1, . . . , nm

▶ H0,i =
{⊗m

j=1 B(nj , πj) ∈ F : πi = πi,0

}
for some π1,0, . . . , πm,0

▶ pi(·) : x 7→ P (Ni ≤ xi) or pi(·) : x 7→ P (Ni ≥ xi) for one-sided tests,
where Ni ∼ B(ni , πi,0)

▶ pi(·) : x 7→ P (fi(Ni) ≤ fi(xi)) for two-sided tests, where fi = pmf of
B(ni , πi,0)
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Discrete setting

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

CDFs of discrete and uniform p−values

Uniform
Test of B(5, pi) under pi=0.5
Test of B(15, pi) under pi=0.5
Test of B(30, pi) under pi=0.5

G. Durand Discrete heterogeneous 8 / 40



Discrete setting

▶ Example 2: Fisher’s exact test for 2 × 2 contingency tables
▶ to test independence or homogeneity of binomials, by conditioning on

the marginal counts:
▶ (X1, Y1), . . . , (Xn, Yn) iid ∼ Cat(πi,j)1≤i≤2

1≤j≤2
, if X1 ⊥ Y1 then

L(N11|N1·, N·1) = H(n, N1·, N·1)
▶ (X1, . . . , XnX ) iid ∼ B(πX ), (Y1, . . . , YnY ) iid ∼ B(πY ), indep samples,

if πX = πY then L(N1X |N1·) = H(nX + nY , N1·, nX )
▶ e.g., study association between amnesia and some drugs in a database

of reported adverse events from the Medicines and Healthcare products
Regulatory Agency in the UK [Heller and Gur (2014)]

▶ Other examples exist like Poisson variables modelling read counts of
different DNA bases in next-generation sequencing [Jiménez-Otero,
Uña-Álvarez, and Pardo-Fernández (2019)]
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Discrete setting
The problem
▶ As discrete p-values are larger than uniforms, classic (=BH)

thresholds are too low =⇒ too conservative =⇒ loss of power
▶ BH under full null, m/3 2-sided p-values derived from H(60, 5, 30),

m/3 from H(60, 12, 30), m/3 from H(60, 21, 30)
▶ MC estimation of the FDR with 104 replications
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Discrete setting
The idea

▶ Under the null, the cdf of pi is known and can be plugged in a new
procedure

▶ If the p-values are also heterogeneous, such procedure could regain
power

▶ Formalism for the remainder:
1 ∀i ∈ Nm, ∃Ai finite such that P (pi ∈ Ai) = 1, ∀µ ∈ H0,i
2 ∀µ ∈ H0,i , the cdf of pi is equal to Fi (or, more generally,

upper-bounded by Fi)
3 let A = {0} ∪

⋃m
i=1 Ai
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Step-up procedures
and step-down procedures

▶ Given a nondecreasing nonnegative sequence τ = (τ1, . . . , τm), the
respective step-up and step-down procedures associated with τ are:

RSU(τ) =
{
i ∈ Nm : pi ≤ τk̂SU

}
RSD(τ) =

{
i ∈ Nm : pi ≤ τk̂SD

}
with

k̂SU = max
{

0 ≤ k ≤ m : p(k) ≤ τk
}

k̂SD = max
{

0 ≤ k ≤ m : ∀k ′ ≤ k, p(k′) ≤ τk′

}
▶ with τ0 = τ1 by convention

▶ The τk are called the critical values
▶ RBH = RSU (τ) with τk = α k

m
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FDR control with discrete p-values
Heyse procedure
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FDR control with discrete p-values
Heyse procedure

▶ ⇒ idea: “invert” the mean c.d.f. at α k
m and apply a SU procedure

[Heyse (2011)]

▶ Let F (t) = 1
m

∑m
i=1 Fi(t)

▶ Let τk = max
{

t ∈ A : F (t) ≤ α k
m

}
▶ RHeyse = RSU (τ)
▶ BH is also the SU procedure with ξk = max

{
t ∈ A : t ≤ α k

m

}
(effective critical values), F (ξk) ≤ ξk ≤ α k

m so τk ≥ ξk : Heyse less
conservative than BH, only with heterogeneity though: if Fi = F and
Fi(t) = t, ∀t ∈ Ai = A then F (t) = t for all t ∈ A and τk = ξk

▶ Problem: RHeyse doesn’t control the FDR! [Döhler, D., and Roquain (2018)]
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FDR control with discrete p-values

▶ Heyse almost works though, it works up to a small rescaling factor
▶ Let τm = max

{
t ∈ A : 1

m
∑m

i=1
Fi (t)

1−Fi (t) ≤ α
}

▶ For k < m, let τk = max
{

t ∈ A : t ≤ τm,
∑m

i=1
Fi (t)

1−Fi (τm) ≤ αk
}

▶ Let RHSU = RSU (τ)
▶ Can be more conservative than BH but not that much, and in

practice isn’t

Corollary [Döhler, D., and Roquain (2018)]

Assume that for all µ ∈ F, the (pi)i∈H0 are independent, and they are
independent from the (pi)i∈H1 .
Then for all µ ∈ F,

FDR
(
RHSU

)
≤ α
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FDR control with discrete p-values
▶ We can do even better by implicit adaptivity to m0:
▶ For k < m, let

τk = max

t ∈ A : t ≤ τm, max
A⊆Nm

|A|=m−k+1

∑
i∈A

Fi(t)
1 − Fi(τm) ≤ αk


▶ Idea: if k “good” rejections, m0 ≤ m − k + 1 so the control is only

needed for the worst case with m − k + 1 kept null hypotheses
▶ Let RAHSU = RSU (τ)
▶ Less conservative than HSU because of larger critical values

Corollary [Döhler, D., and Roquain (2018)]

Assume that for all µ ∈ F, the (pi)i∈H0 are independent, and they are
independent from the (pi)i∈H1 .
Then for all µ ∈ F,

FDR
(
RAHSU

)
≤ α
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FDR control with discrete p-values
▶ Both FDR controls come from the same bound

Theorem [Döhler, D., and Roquain (2018)]

Assume that for all µ ∈ F, the (pi)i∈H0 are independent, and they are
independent from the (pi)i∈H1 . Let any critical value sequence τ with
Fi(τm) < 1 for all i ∈ Nm.
Then for all µ ∈ F,

FDR
(
RSU(τ)

)
≤ max

1≤k≤m
max
A⊆Nm

|A|=m−k+1

1
k

∑
i∈A

Fi(τk)
1 − Fi(τm) (1)

▶ This bound is very general and can be applied to other (non-discrete,
non-super-uniform) settings e.g. weighting

▶ Freedom in the choice of τm, as soon as
τm ∈

{
t ∈ A : ∀i ∈ Nm, Fi(t) < 1, maxi∈Nm

Fi (t)
1−Fi (t) ≤ αm

}
▶ ⇒ idea: tune it, ongoing exploration by Romain Périer
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FDR control with discrete p-values
▶ HSD: SD with τk = max

{
t ∈ A :

∑m
i=1

Fi (t)
1−Fi (t) ≤ αk

}
▶ AHSD: SD with τk = max

t ∈ A : max
A⊆Nm

|A|=m−k+1

∑
i∈A

Fi(t)
1 − Fi(t) ≤ αk


▶ Higher critical values than HSU and AHSU, but SD: no procedure

generally better than the other
▶ No singular choice of τm here

Theorem [Döhler, D., and Roquain (2018)]

Assume that for all µ ∈ F, the (pi)i∈H0 are independent, and they are
independent from the (pi)i∈H1 . Let any critical value sequence τ with
Fi(τm) < 1 for all i ∈ Nm.
Then for all µ ∈ F,

FDR
(
RSD(τ)

)
≤ max

1≤k≤m
max
A⊆Nm

|A|=m−k+1

1
k

∑
i∈A

Fi(τk)
1 − Fi(τk)



New FDR bounds
Computational trick [D., Junge, Döhler, and Roquain (2019)]

▶ No need to compute τk to execute HSU, AHSU (except τm), HSD,
AHSD

▶ For example, for AHSU:

∀k < m, p(k) ≤ τk ⇐⇒ p(k) ≤ τm and max
A⊆Nm

|A|=m−k+1

1
m

∑
i∈A

Fi(p(k))
1 − Fi(τm) ≤ α

k
m
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Numerical experiment
▶ Fisher’s exact test of homogeneity, amnesia dataset
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Motivation: exploratory analysis in multiple testing

Exploratory analysis: searching interesting hypotheses that will be
cautiously investigated after.
Desired properties [Goeman and Solari (2011)]:
▶ Mildness: allows some false positives
▶ Flexibility: the procedure does not prescribe, but advise
▶ Post hoc: take decisions on the procedure after seing the data

[Goeman and Solari (2011)]

This reverses the traditional roles of the user and procedure in multiple
testing. Rather than [...] to let the user choose the quality criterion, and
to let the procedure return the collection of rejected hypotheses, the user
chooses the collection of rejected hypotheses freely, and the multiple
testing procedure returns the associated quality criterion.
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Post hoc and replication crisis

Post hoc done wrong: p-hacking
▶ Pre-selecting variables that seem significant, exclude others
▶ Theoretical results no longer hold because the selection step is random
▶ Example: selecting the 1000 smallest p-values in a genetic study with

106 variants

▶ p-hacking may be one of the causes of the replication crisis (many
published results non reproductible)

⇒ need for exploratory analysis MT procedures with the above properties
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Post hoc inference
Or simultaneous inference

Upper bounds for any set of selected variables
A (post hoc) confidence envelope is a random function

V̂ : P(Nm) → J0, mK

such that:
P

(
∀S ⊂ Nm, V (S) ≤ V̂ (S)

)
≥ 1 − α. (2)

V̂ depends on (X , α) and (2) has to be true for all µ.

▶ Hence for any selected Ŝ, P
(
V (Ŝ) ≤ V̂ (Ŝ)

)
≥ 1 − α holds

▶ Also an FDP bound: P
(
∀S ⊂ Nm, FDP(S) ≤ V̂ (S)/|S|

)
≥ 1 − α

▶ =⇒ allows construction of sets with bounded FDP (FDX control)
▶ First proposed by [Genovese and Wasserman (2006)]
▶ A guarantee over any selected set instead of a rejected set, advise

some Ŝ instead of prescribe one R : the MT paradigm is reversed
G. Durand Post hoc 25 / 40



FDX control is more relevant than FDR control
[Bogdan, Berg, Sabatti, et al. (2015)]

▶ A bad example of BH with positive dependence (hence FDR control)

SORTED L-ONE PENALIZED ESTIMATION 1121

FIG. 4. Testing example with q = 0.1 and k = 50. The top row refers to marginal tests, and the
bottom row to SLOPE. Both procedures use the estimated variance components. Histograms of false
discovery proportions are in the first column and of true positive proportions in the second.

than that of SLOPE [Figure 3(a), (b) and (c)]. Figure 4 presents the results in
greater detail for q = 0.1 and k = 50: in approximately 65% of the cases the ob-
served FDP for BH is equal to 0, while in the remaining 35% it takes values which
are distributed over the whole interval (0,1). This behavior is undesirable. On the
one hand, FDP = 0 typically equates with few discoveries (and hence power loss).
On the other hand, if many FDP = 0 contribute to the average in the FDR, this
quantity is kept below the desired level q even if, when there are discoveries, a
large number of them are false. Indeed, in approximately 26% of all cases BH on
the marginal tests did not make any rejections (i.e., R = 0); and conditional on
R > 0, the mean of FDP is equal to 0.16 with a standard deviation of 0.28, which
clearly shows that the observed FDP is typically far away from the nominal value
of q = 0.1. In other words, while BH is close to controlling the FDR, the scientists
would either make no discoveries or have very little confidence on those actually
made. In contrast, SLOPE results in a more predictable FDP and a substantially
larger and more predictable True Positive Proportion (TPP, fraction of correctly
identified true signals); see Figure 4.

3.2. Choosing λ in general settings. In the previous sections we observed that,
for orthogonal designs, Lasso with λBonf = σ · #−1(1 − α/2p) controls FWER at
the level α, while SLOPE with the sequence λ = λBH controls FDR at the level q .
We are interested, however, in applying these procedures in more general settings,
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BNR technology
[Blanchard, Neuvial, and Roquain (2020)]

Key concept: reference family
▶ R = (Rk , ζk)k∈K (random) such that Joint Error Rate (JER) control:

JER(R) = P (∃k, |Rk ∩ H0| > ζk) ≤ α. (3)

R depends on X and (3) has to be true no matter L(X ).
▶ Conversely, P (∀k, V (Rk) ≤ ζk) ≥ 1 − α

▶ Confidence bound only on the members of R
▶ =⇒ Derivation of a global confidence bound by interpolation
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BNR technology
[Blanchard, Neuvial, and Roquain (2020)]

Idea: we get the following info on H0:

H0 ∈ A(R) = {A ∈ P(Nm) : ∀k, |Rk ∩ A| ≤ ζk} .

Two different bounds
▶ V ∗

R(S) = max {|S ∩ A| : A ∈ A(R)} optimal but hard to compute
▶ VR(S) = mink (ζk + |S \ Rk |) ∧ |S| easier to compute, ≥ V ∗

R(S)

▶ Property: if (Rk) is nested, then VR = V ∗
R
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BNR technology
Practical construction

▶ In [Blanchard, Neuvial, and Roquain (2020)], constrain ζk = k − 1,
Rk = {i ∈ Nm, pi ≤ tk}, k ∈ Nm, tk ↗ and search for (tk)1≤k≤m
such that JER control holds

▶ ⇒ JER control becomes “simultaneous k-FWER control”:
JER(R) = P (∃k, |Rk ∩ H0| ≥ k)

▶ tk ↗ ⇒ nested Rk ’s
▶ In the end, V ∗

R(S) = min1≤k≤m(k − 1 +
∑

i∈S 1{pi >tk}) ∧ |S|
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BNR technology
Practical construction, Simes inequality

Theorem (Simes inequality [Simes (1986)])
Assume that for all µ ∈ F, the (pi)i∈H0 are independent or wPRDS.
Then for all µ ∈ F,

P
(

∃i ≤ m0, p(i :H0) ≤ αi
m0

)
≤ α,

where p(1:H0) ≤ · · · ≤ p(m0:H0) is the ordering of (pi)i∈H0 .

▶ Simple proof given the FDR control of RBH
0 : BH applied to (pi)i∈H0

▶ Notice that FWER = FDR when all null hypotheses are true
▶ Hence

P
(

∃i ≤ m0, p(i :H0) ≤ αi
m0

)
= FWER(RBH

0 )

= FDR(RBH
0 )

≤ α
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BNR technology
Practical construction, Simes inequality

▶ Consequence: ∀µ ∈ F, P
(
∃i ≤ m0, p(i :H0) ≤ αi

m

)
≤ α (because

m ≥ m0)
▶ =⇒ tk = αk

m induces JER control
▶ Proof:

∃k ≤ K : |Rk ∩ H0| ≥ k ⇔ ∃k ≤ m0 :
∣∣∣∣{i ∈ Nm : pi ≤ αk

m

}
∩ H0

∣∣∣∣ ≥ k

⇔ ∃k ≤ m0 :
∣∣∣∣{i ∈ H0 : pi ≤ αk

m

}∣∣∣∣ ≥ k

⇔ ∃k ≤ m0 : p(k:H0) ≤ αk
m
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BNR technology
Practical construction with heterogeneity

▶ Core idea: we can derive a similar “Simes-like” inequality thanks to
the FDR control of HSU and AHSU

▶ And then build R = ({i ∈ Nm, pi ≤ τk} , k − 1)k∈Nm
with the τk

critical values of HSU or AHSU
▶ Going from the “full null” case to the general case is slighty more

subtile though, the “m ≥ m0” argument is still key but not that
straightforward
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BNR technology
Practical construction with heterogeneity

Theorem (Heterogeneous Simes inequality) [Périer, Blanchard, Döhler, et al.

(2026)]

Assume that for all µ ∈ F, the (pi)i∈H0 are independent. Let (τk) a
sequence of critical values such that
max

1≤k≤m
max
A⊆Nm

|A|=m−k+1

1
k

∑
i∈A

Fi(τk)
1 − Fi(τm) ≤ α.

Then for all µ ∈ F,

P
(
∃i ≤ m0, p(i :H0) ≤ τi

)
≤ α.

▶ we recognize the bound in (1)
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BNR technology
Practical construction with heterogeneity

▶ Proof: note that 1
1−Fi (τm0 ) ≤ 1

1−Fi (τm) , ∀i , then apply the SU bound
(1) to the full null SU procedure:

P
(
∃i ≤ m0, p(i :H0) ≤ τi

)
= FWER

(
RSU

0

(
(τk)k≤m0

))
= FDR

(
RSU

0

(
(τk)k≤m0

))
≤ max

1≤k≤m0
max
A⊆H0

|A|=m0−k+1

1
k

∑
i∈A

Fi(τk)
1 − Fi(τm0)

≤ max
1≤k≤m

max
A⊆Nm

|A|=m−k+1

1
k

∑
i∈A

Fi(τk)
1 − Fi(τm)

≤ α
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Application to the amnesia dataset

▶ Plot of t 7→ V ∗
R(St) where St = the indexes of the t smallest p-values

▶ Smaller is better
▶ Fast computation of (V ∗

R(St))t∈Nm
with Algorithm 1 of

[Enjalbert-Courrech and Neuvial (2022)]
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Numerical experiment
Amnesia dataset
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Numerical experiment
Amnesia dataset
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Adaptivity to m0 by plug-in

▶ We can go further by estimating m0 with our bound and plugging it in
▶ A step-down refinement akin to the Holm-Bonferroni procedure
1 Refine (1) with

FDR
(
RSU(τ)

)
≤ max

1≤k≤m
max
A⊆Nm

|A|=m−k+1

1
k

∑
i∈A∩H0

Fi(τk)
1 − Fi(τm) (4)

2 Define “oracle AHSU” critical values with τ̃m = τm and

τ̃k = max

t ∈ A : t ≤ τ̃m, max
A⊆H0

|A|=(m−k+1)∧m0

∑
i∈A

Fi(t)
1 − Fi(τ̃m) ≤ αk


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Adaptivity to m0 by plug-in

3 Let B = {∀i ≤ m0, p(i :H0) > τ̃i}, then
P (Bc) = P

(
∃i ≤ m0, p(i :H0) ≤ τ̃i

)
≤ α by (4)

4 On B, we also have ∀i ≤ m0, p(i :H0) > τi because τ̃k ≥ τk ∀k, hence
m0 ≤ V ∗

R(Nm) = m̂0
5 Define adaptive AHSU critical values τ̂m = τm and

τ̂k = max

t ∈ A : t ≤ τ̂m, max
A⊆Nm

|A|=(m−k+1)∧m̂0

∑
i∈A

Fi(t)
1 − Fi(τ̂m) ≤ αk


6 On B, we also have τ̃k ≥ τ̂k ∀k (from m0 ≤ m̂0 and the def of τk , τ̂k)
7 Finally, on B, ∀i ≤ m0, p(i :H0) > τ̂i

▶ JER control with ({i ∈ Nm, pi ≤ τ̂k} , k − 1)k∈Nm
and τ̂k ≥ τk ∀k

▶ Get a new m̂0 and start again, everything stems from P (Bc) ≤ α
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Conclusion

▶ (Many) new procedures controlling the FDR under heterogeneity, well
suited to discrete tests

▶ Also, new FD confidence envelopes with adaptive refinements
▶ Challenges: independence assumption [Döhler (2018)]

▶ One published paper [Döhler, D., and Roquain (2018)] for FDR control
▶ A suite of R packages [Kihn, Döhler, and Junge (2025), Junge and Kihn (2024),

and Döhler, Junge, and D. (2024)] for discrete tests and FDR control
▶ One preprint just out about heterogeneous confidence envelopes

[Périer, Blanchard, Döhler, et al. (2026)]
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