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Simple testing

Data: X = (Xi,...X,) i.i.d.~ N (p,1), > 0 unknown
Question: is i = 0 (no signal) or > 0 (signal) ?

Null hypothesis Hy: “@ = 0" versus alternative Hy: “u > 0"
Test statistic: T(X) = n"723"_, X;, under Hy T(X) ~ N(0,1)
T(X) in the right tail of A/(0,1) = unrealistic = reject Hp

So we reject Hp if T(X) is “large”: the rejection region R is the
event { T(X) > c} with ¢ to be determined
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Test of level «
Choice of the rejecting threshold

Goal:

Control the type | error = IP of a wrong rejection = [P of a false positive
> “level a" means type | error = P, (T(X) > ¢) < «
» = ¢ > qj_, the 1 — a quantile of N/(0,1)

» Given type | control, how to reduce type Il error?
> Take the smallest ¢
> = R={T(X) >q{ o}
& if the p-value p(X) = ®(T(X)) =1—-d(T(X))is < a
“Proof”: Ph, (p(X) < @) =Pr, (T(X) > qi_,) <«
» p(X) is super-uniform under Hp, p(X) = P of observing an event at
least as extreme as the one observed under the null
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Test of level «
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Multiple testing
» Now each X; is a vector (Xi1, ..., Xim) ~ N(w,Id,) with
= (g1, fm) € R—T
» m null hypotheses Hp ;: “uj = 0" versus Hy j: “u;j > 0"
» Because of independence, at least one false positive with
P=1-(1-a)™ — 1

mgy—» 00

» E[|FP|] = amg, mg = [{j : Ho is true}|
> Example if m = mg = 48, o = 0.05:
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Multiple testing

» False positives explosion with m
» m= mg =192, o = 0.05:
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Modern applications

> “Omic data”: genomic, proteomic... but also fMRI, exoplanet
detection...

> m=10%10° 100
> Too many false positives without correction
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Formal setting

v

Let (X, X, §) a statistical model and (£2,.4,P) a probability space

Hence (X, X') is a measurable space and § is a family of probability
measures defined on X

» Data is a measurable X : (2, A) — (X, X) with X ~ P € §
» Other notation frequently used: Px = L(X) = Xyp = P
» P unknown = everything has to be valid VP € §

v

G. Durand (LMO) Multiple testing framework 9 /157



Formal setting

» m null hypotheses Hp ; and alternatives Hy ; which are subsets of ¥
> HyiNH,; =0

» Ho=Ho(P)={i: P& Hpi}: i €Hoe Hyjis true
> Hl(P) = HO(P)C = {i P c Hl,;}

» m p-values p; = p;(X) such that £(p;) = U([0,1]) if i € Ho
» Each p; provides an « level test :

Va € [0,1],¥P € Ho 1, VX ~ P,P(p; < a) < a,

or, in short, Px~pcH,,(pi < a) <«
> 2 points of view: measurable application p;(-) : X — [0, 1], then
applied to X, or random variable p;(X)
» For every subset of hypotheses S, let V(S) = |S N Ho| the # of false
positives (FP) in S
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Formal setting

» Formally, a rejection procedure R is a measurable function
(X, X) — (P([1, m]), P(P([1. m])))

» For a data point X ~ P € §, the associated rejection set is R(X) or
R in short (= small ambiguity), the rejected hypotheses are the Hg ;
such that i € R(X)

> “Classic” MT goal: construct a rejection procedure R with a
statistical guarantee on V(R) < control of an error rate related to #
of FP
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A toy example

In this formal setting

(Q, A,P) a probability space

(X, X)=(R™ BR™) : X =(X1,...,Xm)

V(1) the set of positive semidefinite matrices with 1's on the diagonal
§ = IN(X): V) € [Lm],py > 0,5 € V(1)}

Hoi = (N (18, ) i = 0% € [1, m] \ {i} 11y > 0, € V(1)}

i = (N () > 0,5 € [1, m \ {i}, ) > 0, € V(1)}

pi(X) = ®(X;) =1 — d(X;)

vVvyVvyVvVVvyyvyy
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Generic construction of p-values

Following the idea of “the probability of an event at least as extreme as”

> Assume we have at hand m test statistics T1,..., Ty : X — R
» for all i € [1, m], we can let
> pi(X) = suppepy, Pzop,z1x(Ti(Z) = Ti(X)|X) =
suppery, P(T; H([TH(X)., 50])) = suppery (T ([TH(X)., oc]), or
> pi(X) =suppep,, Pzp,z1x(Ti(Z) < Ti(X)|X) =

Suppery,, P T, (] - o0, Ti(X M) = suppery, (Ti)xp (I — 00, Ti(X)])),

> Bi(X) = 2min(pi(X), pi(X))
» Classical constructions for unilateral and bilateral tests, equivalent to
UMP or UMP unbiased tests from Neyman-Pearson and Lehmann’s
theory for the appropriate choice of test statistics.

> Knowledge of P € Hyp ;, is required to compute p;, p; or p;
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Generic construction of p-values

Following the idea of “the probability of an event at least as extreme as”

Theorem

pi, Pi, pi all are appropriate p-values, that is, they are super-uniform under
the null:

Denote by u the c.d.f. of U([0,1]): u(x) =0V (x A1l). Let Q € Hp,
X ~ Q, then

Vx € R, B (pi(X) < x) < ul(x), (1)
vx € B, P (pi(X) < x) < u(x), (2)
Vx € R, P (B(X) < x) < u(x). 3)
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Generic construction of p-values
Proof

» Only for (1), (2) and (3) left as an exercise

» pi(X) €[0,1] a.s. so we only need to check (1) for x € [0, 1.

> (1) for x €]0, 1] implies (1) for x = 0 by right-continuity of the c.d.f
> Let x €]0,1]

P(pi(X) <x)=P| sup P(T([Ti(X),00]) < )

PEHOI

( (THX). o)) < x})
PeHy,;

<P (Q(T; H([Ti(X), ) < x)

I
~
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Generic construction of p-values
Proof

» Let F; the c.d.f. of T;(X) and F; its left-limit:
F(x) = limeg Fi(x —e) = P(Ti(X) < x)
e>0

| 2

P (Q(T([Ti(X), o) < x)

P(1-Q(T; (1~ o0, THX)D) < x)
P(1-x<F (Ti(X))

P(Tix) e (F) 7 (@ -x1)

» £ is nondecreasing with limits 0 in —oo and 1 in oo so

-1
(Fi_) ([1 = x,1]) is an interval: ]a, oo of [a, oo[ for some a.
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Generic construction of p-values
Proof

-1
» Case 1: a € (Ff) ([1 —x,1]) then

B (QT;H([Ti(X), 00D) < x) = B(T(X) > a)

» Case 2:

P (QUTTHITi(X), o0D) < x) = P(Ti(X) > 2)
=1- F,-(a)
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Generic construction of p-values
Proof

» Fi(a) is the right-limit of F;” in a: Fi(a) =lim.o F; (a+¢)
e>0

» Note that a+¢ € (F7)"([1 — x,1]) hence F; (a+¢) >1—x

» ¢ — 0: Fi(a) > 1—x, which concludes case 2 and the proof for p;(X)
» For p;i(X), just use —T; as statistic and go back to previous case

> x € R, P (2min(pi(X), Bi(X)) < x) < (20 ($)) A1 = u(x) 0
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Rejection set
Thresholding
» Main idea: small p-values = signal (H;)
> In the remainder of this course, R(X) = {i : pi(X) < #{(X)}, = R (%)
in short, with t = £(X) = t(p1(X), ..., pm(X)) a random threshold
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Thresholding

Sorting p-values
> Sorted p-values: p1) < -+ < p(m), P(o) = 0 by convention
> R(t)={i:p<t}= {i cpi < p(i()}, k = max{k : Pk < t}
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Family-Wise Error Rate (FWER)

» Probability to make at least one false positive
FWER(R) = P(V(R) > 0)
FWER(R(%)) = P(3i,i € Ho : pi < t)

» The probability is taken with respect to P € §

» Philosophy : we don't want any false positive
» Choose t, such that FWER(R(%,)) < a ? (VP €F)
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Bonferroni method

» Bonferroni method: f§°"f = - and RBorf = R (%Bm‘f) [Bonferroni (1936)]

Theorem
For all P € §,
FWER (RB°"f) <a

» Proof by union bound:

FWER (RE) =P (3i,i € Ho : pi < £2°)

» Adjusted p-value p,-adj: smallest level that rejects Hp ;. For Bonferroni,
adj
p; =1Amp;
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[llustration of Bonferroni method
a=02,m=100
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k-Family-Wise Error Rate (k-FWER)

A variant

k-FWER(R) = P(V(R) > k)

» The probability is taken with respect to P € §

> k-Bonferroni method: tk-Bonf = ak = pk-Bonf _ g (%§‘B°"f)

Theorem [Lehmann and Romano (2005)]

For all P € 3,
FWER (Rk-B°"f) <a
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k-Family-Wise Error Rate (k-FWER)

A variant

» Proof by Markov inequality:
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False Discovery Rate (FDR)
FWER too stringent

Especially for some settings where:
> mis large

» we want a lot of detections,

» and we can allow some false positive to do so

False Discovery Proportion (FDP) and FDR

V(R
FDP(R) = \R](v)l (random variable)

FDR(R) = E[FDP(R)] (€ [0,1])

> The expectation is taken with respect to P € §

» Choose a t, such that FDR(R(%,)) < a ?

G. Durand (LMO) Classical error rates and methods
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False Discovery Rate (FDR)

Estimating the FDP to derive a procedure
icto Hpi<t}
|R(t)| V1
1
m 2icHo Lipi<t}
|R(t)| V1
1
< mm_° Zie?—to Lip<y
- |R(t)| V1

FDP(R(t)) =

> Main idea: if mg large, mio Yieno Wp<ey St by law of large numbers
and super-uniformity

—— BH
> = FDP (1) = mfBv
. — BH
> = ther —supdt e [0,1]: FDP  (t) < a} =
sup {t € [0,1] : £ (|R(t)| V1) > t}
28 / 157



Benjamini-Hochberg procedure (BH)
[Benjamini and Hochberg (1995)]
» Sorted p-values: p(1) < -+ < p(m), po) = 0 by convention
> Traditional definition : kB" = max {k €L, m]: puy < a%},
KkBH = 0 if set empty, tBH = o &2

m

> Slightly equivalent modification:
kBH — max{k € [0,m] : puey < a%}, BH — a&m\/l,
REH = R (iBH)
> (really the same except t5H = & if kBH = 0, gives the same RBH)
» Adjusted p-values : pfl.‘;j = 1A minj>; @
Lemma

‘RBH’ = kBH and theur — $BH

This lemma generalizes in more complex settings where it is useful, see
[Roquain and Wiel (2009)], [Durand (2019)], and the following
29 / 157



[llustration of BH method
a=02,m=100
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[llustration of BH method
m =10
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Benjamini-Hochberg procedure (BH)

Proof of the Lemma

= [R (i) = ‘R @%)‘ _ ‘R @%)

» Obvious if kBH =0

» Reductio ad absurdum: if ‘R (fEH)’ > kBH 11 then necessarily

PieHi1) =

definition of kBH

G. Durand (LMO) Classical error rates and methods

> BH

n 1BH kBH4+1)v1 . .
< BH = VL < ol ; )1 \hich contradicts the
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Benjamini-Hochberg procedure (BH)

Proof of the Lemma

» Supremum well-defined because non-empty set, 0 € it
Let G(t) = ~(IR(t)| V1) : nondecreasing and [0, 1] — [0, 1]
> Let t, 7 ther such that G(t,) > tn,

v

a- (’i.heur) > @(tn) >t, — theur

a n—oo &
so theur is a max
b 50 6 (G (1)) > & (i) so by def & (i) < tho

> — ’fcl;eur — a (’t‘.geur)
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Benjamini-Hochberg procedure (BH)

Proof of the Lemma

> First note that p(r())) < t always

> P(ja(ien))) < 2= G () = 5 (R (E2)

> = |R (Eheor)| < KBH = ghewr < $5H by def of kB and
nondecreasing composition

> G (fSH) == (‘R (%EH)‘ \Y% 1) == (/A<BH Y% 1) = #BH by previous
result

> = iBH < theur by def of Eheur O

V1)
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Benjamini-Hochberg procedure (BH)

Proof of the adjusted p-value formula

RBHO
piy La— & kT >
() m

mp()

e Jj=i

<«

m .
@min&ﬁa O
>
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Benjamini-Hochberg procedure (BH)

» What about FDR control?

Theorem [Benjamini and Hochberg (1995)]

Assume that for all P € §, the (p;)icy, are independent, and they are
independent from the (p;)icn; -

Then for all P € §,

FDR (RBH) < a% <o
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Interlude

Step-up and step-down procedures

» Given a nondecreasing nonnegative sequence 7 = (71,...,7m), the
respective step-up and step-down procedures associated with 7 are:

RYV(r) = R(ne) = {ie[l,m]:pi <7su}

RO(r) = R(ms) = {i€l,m]:pi <7}
with

kSYU' = max nggm:p(k)STk}

kSO = max{0< k< m:Vk <k, P(kf)STk'}

» Where we let 79 = 71 by convention
» So Tk =Ty, VO< k< m
> Recall that p) = 0 by convention too

» The 7y are called the critical values
» The 7, can be random as long as they stay nondecreasing nonnegative
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Interlude

Step-up and step-down procedures

» With same proof as before:
> |RY(r)| = isu
> [RSO(r)| = isD
> R(#8") = RSV (r) = RS (r) with 7; = &
> R (fé‘Bmf) = RV (1) = RSP (7) with 7; = a%
> R(iBH) = RSV (7) with 7 = o}

» Remark: for a fixed 7, RSY(7) is uniformly better than RSP(7), but
sometimes SD allows FDR control for some larger 7 than SU, see
[Déhler, Durand, and Roquain (2018)] and the following
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Benjamini-Hochberg procedure (BH)

Proof of the Theorem

» First lemma on SU procedures: let i € [1, m] and the SU procedure
applied to all p-values except pj, with
T =(ry ) = (T2 )
> Let p(_l’) <... < p(_”’;_l) be the ordered p-values of this procedure
> Let k= = max {k : p(_k") < Tk_i} be the number of rejections of this

procedure
» Then k— > kSY — 1 and the three following assertions are equivalent:

(i) pi < Tysu-

(ii) E),' < T,A(/\_,+1.
(i) k=7 = kY — 1.
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Benjamini-Hochberg procedure (BH)

Proof of the first Lemma

» Assume kSY > 2 otherwise k= > kSY — 1 is trivial

» Note that p ; is always equal to P(isu_1) OF P(jsuy SO

(k v 1)
p(_klsufl) < Tisy = Tf(su 1 and k=7 > kSY — 1, by def of k=
> (i)=(ii) T nondecreasing and kY < k=7 41
» (ii)=(iii) By def of k=, Py - .,p(_i(’_l_) <7l =Ty Soif

pi < Tp—i,q, at least k+1 p-values are < 7;_;_ ,, SO
Pliisn) < Thoipq and k%Y > k77 + 1 by def of kY
> (iif)=(i)
> If k— ’—kSU—lthenTksu—T
p(k i) = T (k, iy =7 (k—/) = Tgsus s Pmo1) > Thsu
» = m—1—k " =m—kSY p-values that are not p; are > Tisu, there
must be m — kSY in total that are > Tisu, hence p; < 7y O
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Benjamini-Hochberg procedure (BH)

Proof of the Theorem

» Second lemma on SU procedures:

{pi < mpsus KV =k} ={pi <7, k7T =k -1}

» Decorrelates p; and the rest of the p-values! Allows to use the
independence assumption favorably

» Proof:

Pi < Tjsu, U=k —
<~
<
<~

Pi
Pi
Pi

Pi

< s, kT =KV —1, kS =k (i)=(iii)

ST,“(SU? l/%_’l\:k—].
< Ty k= k-1
<r ki=k—1.
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Benjamini-Hochberg procedure (BH)
> Llet X~ PeFf

> For i€ Hg let k= as in the Lemmas with 7 = (a_’:)ke[[l,m}]
> 1 4BH
FOR (R°) =& | =2 {o=ts)
kBH v/ 1
- .
2[EE 5 oy
B i 1]P> < k iBH _ 4
= Z % pi =~ a—-,
i€Ho k=1
m 4 k
= —P(Piﬁa_ak_’:k_1>
i€Ho kz=:1 k m
_ ilp(p, goi)ﬁ»(k—' :k—l)
i€Ho k=1 k m
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Benjamini-Hochberg procedure (BH)

Proof of the Theorem

FDR (RPH) < i %a%]}‘) (k7 =k-1)

» Note that the only inequality is an equality if p; ~ ([0, 1]) for all
i € Hop = a stronger result when uniformity
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Benjamini-Hochberg procedure (BH)

Can we do better than the independent case?

Some dependence conditions [Benjamini and Yekutieli (2001)][Blanchard and
Roquain (2008)]
» D C [0,1]™ is nondecreasing if (xi,...,xm) € D and
xi <y Vi€ [1,m] imply (y1,...,¥m) € D
> Positive Regression Dependent on each one from a Subset (PRDS) :
let S C [1, m] the subset,

VD C [071]m AR S7E|fri,D /‘7]P)(p S D’P:) = fi,D(Pi) a.s.

» weak Positive Regression Dependent on each one from a Subset
(WPRDS) : let S C [1, m] the subset,

VD C [0,1] AVi€ S,gip: urs P(p € Dlpi < u)

is nondecreasing on {u € [0,1] : P(p; < u) > 0}

v
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wPRDS is indeed weaker than PRDS

Proposition [Blanchard and Roquain (2008)]
If the p-values are PRDS on S, they are wPRDS on S. J

» Fix D and i € S once and for all
> Notation: VB € A,P(B) >0, Pg: A P (A[B) = "Yg°) and
P, = P{pigu},Vu S [0, 1] : ]P)(p, < U) >0
» Likewise, Eg and E,
> 2 lemmas:
> Pg < P and dPB Cw 1'3((“3)

> Py(pe D|P:) =P(p € Dlp;) = fi.p(pi) ass.
» (The second one is also true if conditioning on B € o(p;) instead of

{pi < u})
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wPRDS is indeed weaker than PRDS

Proof of first Lemma

Pg(A) = %
1 ans(w)
IP’(B)

—/llA

dP(w)

G. Durand (LMO) Classical error rates and methods
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wPRDS is indeed weaker than PRDS

Proof of second Lemma

> P, (p S D’p;) =K, []l{pGD}‘pi} and P(p S D‘p,) =E |:]1{p€D}
» Let X o(p;)-measurable

By [XLipen)| = [ X(@)Lipeoy()dPu(w)
_ / X(w)n{peD}(w)MdP(w)

_ Lip<u}
=FE {X—]P’ (o; < u)]l{pGD}

g

1
= _Apizu} _Apiu} -
=E {XIP’(p- = u)f p(pi) <X]P’(p, <) a(pi) measurable)

/X )i p(pi(w )]I{E’;“S}(u))dp(w)

= /X(w)ﬁ,D(Pi(w))dPu(w)

=E, [Xfi,D(pi)] O
n—




wPRDS is indeed weaker than PRDS

Proof of the proposition

> Let u < ' with P(p; <u)>0

u/

P
= Eu |1ipeny]
By [E

o []l{peD} p,ﬂ
=E, [Py, (p € D|p;)]
=E, [th(Pi)]

-/ ﬁ,D(p,-<w))]IL{{’§—”2(f,))dP<w)

:/fi,D(pi(w))P{(i;<u<}( dP(w)+/fD pl(w) %dp(u
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wPRDS is indeed weaker than PRDS

Proof of the proposition

> Let y =Py (pi <u) = g((ﬁ’fu”) €10,1]

]l{p,<u} ]l{p,<u}(w)
/fDP: p<u,) /fDP/ p,gu)dP(w)

= 78i,D p(u)

> Ify=1sP(u<p <u)=0then g p(v) = gip(u)

> Else,
{u<p,<u }(W) - IP’(u < pi < u’) / ' ' ]1{u<p,-§u’
/f p(pi(w o < ) — = dP(w) = TP <) ﬁ,D(p,(w))—P(u <o
{u<p,<u’}( )
1 - f ] d]P)
/ olpilw u<pi<u) ‘

=(1- )E{u<pi§u/} [f:,D(P:)]
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wPRDS is indeed weaker than PRDS

Proof of the proposition

> gip(u') =vgip(u) + (1 = V)Eucp<uy [fin(pi)]
» fip /" so:
Etu<pi<uy [fip(pi)] = fip(u) = Eqp<uy [fio(pi)] = gi,0(v) O
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What is wPRDS?

Proposition [Giraud (2021)]
Assume that for all P € §, the (p;)icy, are independent, and they are

independent from the (p;)icn; -
Then, for all P € §, the (p;) are wPRDS with Hq as the subset.

» Other examples in [Benjamini and Yekutieli (2001)], [Roquain (2015)],[Giraud

(2021)]
> Like one-sided Gaussian p-values with >; >0Vl </,j<m

> Or with £ = plpnL] + (1 — p)ldpm, p € [—ﬁ, 1}
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What is wPRDS?
Proof of the Proposition
> Fix P € §, D nondecreasing and i € H
> Key point: p; is independent from (p1,...,pi—1, Pit1,---,Pm) S0 for
appropriate u:

P(peDandp <u) E {H{PGD}H{MSU}}

P(p e Dlpi <u) =

P(p;i < u)  P(pi<u)
=[1 Lise g4p
- (X17-~~7Xi717Xi7Xi+1,...,Xm)EDm p(X17 ey Xim 1, Xty X4y - - 5 Xm)
(transfer formula)
= [1 Lisu _4p_ (x)dp
= (X1,,..,X,;l,Xi,Xi+1,...,Xm)€DW Pi(Xi) P,,-(Xla ey Xi—1y Xidly e ooy

(key observation)
= /]P((Xl, ey Xi—1y Piy Xit 1y e e ,Xm) S D|p, < u) de,,(Xla ey Xit1y Xty -

(Fubini) with P, the law of p, Pp, = £(p;) the law of p; and Pp,_. the law

of p_j = (p1,---,Pi-1,Pit1;-- - Pm)
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What is wPRDS?

Proof of the Proposition

> = only need to show that
ur P((x1, ..., Xi—1, Pis Xi+1, - - -y Xm) € D|p;i < u) nondecreasing for
any fixed (x1,...,Xi—1, Xi4+1,---sXm)

> =E,[g(pi)] with g 1 xi = L{(x,.. xi1x,x141,....xm)eD} NONdecreasing
because D is

» same proof as before for proving that u — E, [f; p(pi)] was
nondecreasing O
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Benjamini-Hochberg procedure (BH)

Can we do better than the independent case?

Theorem [Benjamini and Yekutieli (2001)]

Assume that for all P € §, the (p;) are wPRDS with #g as the subset.
Then for all P € §,

FDR (RBH) < a% <a

» Previous Theorem is not useless because of:
> the equality case
> the proof ideas (and Lemmas) that are reused in more complex
procedures [Roquain and Wiel (2009)], [Déhler, Durand, and Roquain (2018)]
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Benjamini-Hochberg procedure (BH)

Proof of the Theorem

» As before,
m 1 /’;BH R
FDR (RB”) =3 3P (p, <a— kBH =k
k m
i€Ho k=1
UL | k =
— Z;]P) (p, S()é_,kBH :k)
i€Ho k=1 m

Il
[~]=
x| =

=

o)
3=
/N

x>

W

I

|

»
N—

=
7 N

o
IN

Q
3
N———

b
X
)
=
I
x

<

3
[~]=
=
Q
3|~
/N
x>
w
T
|
x
N——

m
RN
o
=
I
x>

with k; = min {k efl,m):P <p,- < a%) > 0}, for all i € Ho (ki = +o0
and empty sum = 0 if empty set)

G. Durand (LMO) Classical error rates and methods 55 / 157



Benjamini-Hochberg procedure (BH)

Proof of the Theorem

FOR (RPH) < & 5 3™ (B, (k9 < k) — B, (1 < k1))

i€Ho k=ki

0SS (Pury (< 4) B (< k- 1)
i€Ho k=k;

< 2 Poma (K < m)
i€Ho

< a@ <«
m

by wPRDS: Vk € N, {kB" < k} = {p € D} with D the preimage of
] — 00, k] under the function that maps p to k" which is coordinate-wise
nonincreasing, hence D is nondecreasing O
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Step-up procedures

Can we go even beyond, to any dependency?

Theorem [Giraud (2021)]

Let 7 = (71,...,7m) a nondecreasing nonnegative sequence and consider
the step-up procedure associated with 7.
Then for all P € §,

SU
FDR (RV(r )<m0; L
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Step-up procedures
Proof of the Theorem

» As before,

E 1 i STESU
FDR (R%V(r)) = E | ™ ———— i}

ksu v 1

~ ¥ B L) 7m0 1|

<
ieHo {p=risu} fsu v 1

=3, L =5 Lk oo
j>k jG+1) j>1 jG+1)

su Spltin
FDR (R (1 )) I;g [ {pi< su}z iG+1)
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Step-up procedures

Proof of the Theorem

» By Fubini,

1o jss
FDR (RSY(r)) = ZZE[{p,ST@SU}ﬁ]

i€Ho j>1

< E |1 _ J>kSU>1
2 [{’”“”"} JG+1)
,EZWZIJ(JH) Voo

7'J/\m _TjAm
ZZ - iU+1)

i€Ho j>1 -/

G. Durand (LMO) Classical error rates and methods
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Benjamini-Yekutieli procedure (BY)

FDR control under any dependency

» The Benjamini-Yekutieli procedure (BY) is the step-up procedure

using 7 = % Hpy, = szljl : uniformly worst than BH

> R = R ( () )

» Adjusted p-values : pa‘;f = 1A minj>;

mHmp()
J

Corollary [Benjamini and Yekutieli (2001)]

For all P € 3, m
FDR(RBY) <a® <o
m
Tinm < > 1
TG+ T mHy (E:lj'i'l JE,:,,j(J"i'l))

amo amg
= H, O
Hm (;J m m) mHy, ”
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Adaptivity to

v

. m,
To =

» Previous guarantees hold with “oracle” versions of the procedures
using mg = |Hol instead of m (< using = instead of «)

> Ex: “oracle” Bonferroni: P(3i,i € Ho: pi < mio) <«
Ex: "oracle BH", SU with 7, = ‘,)7‘1—’;

» = Core idea: estimate myg or my and somehow plug /g or @g in the
procedure

v
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Holm-Bonferroni procedure (HB)
[Holm (1979)]

» Core idea: if py) < 7, (1) € H1, mo < m—1, and we could re-apply
Bonferroni but with m — 1 instead of m

v

Repeat this sequentially until stop

v

This formalizes as a SD procedure with 7 = %

8 -1 (i), ) = R ()

kB = max {k € [0,m] : VK" < k, Py < 7ty }

v

Implicit estimation of mg by Mg = m A (m — kHB 4 1)

Adjusted p-values : F,)J = 1 A maxj<i(m—j +1)p

vy VYV

Uniformly rejects more than Bonferroni
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Holm-Bonferroni procedure (HB)
FWER control under any dependency

Theorem [Holm (1979)]
For all P € 3,
FWER <RHB) <a

» = HB has same guarantees than Bonferroni (and is almost as easy,
computationally) = Bonferroni should never be used [Aickin and Gensler

(1996)]
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Holm-Bonferroni procedure (HB)

Proof of the Theorem

» As discussed before, FWER (R (m%))) < a so
P(|R (%) nHo|=0)>1-a

> Assume ‘R( )ﬂ?—[o‘ =0« R(%) C H1
< Ho C= {l P:>m—0}

» Goal: to show that mg < m — kHB 4 1, we'll then have
RMB C R( ) C H1 which will conclude

G. Durand (LMO)
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Holm-Bonferroni procedure (HB)

Proof of the Theorem

» 2 proofs, first by recursion:
> Vk < IQHB, mog < m-—k+1, k=0,1 obvious, assume it's true for
k < kHB
» For all k' < k we have:

« (0%

PO S PO S 05T S g

)

> So ’R(m%))‘ > kso|Hi|>ksomo<m—k=m—(k+1)—1
» The original proof:
> There's a true null (> m%) in the first m — mg + 1 hypotheses, so

a a
p(m—m0+1) > my — m—(m—mo+1)+1

> So by definition KB <m—my O

The proof actually gives a better estimator of mg: just m — kHB but that
won't reject more hypotheses (or else contradiction with the def of kHB)
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Holm-Bonferroni procedure (HB)
Need for step-down
» What about the step-up procedure with same critical values?
> m=2, Ho=[1,m]:
FWER (R ((5,))) =P (pu) < § or ppy < 0
» p; = p~U([0,1]) and pp = 1 — p: extreme negative correlation
» FWER (RSU ((%,a))) =P (p(l) <gorl-a< p(l))

> E(p(1)> :u( o,%D: Vx € [o,%},
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Holm-Bonferroni procedure (HB)

Need for step-down
> If§<1-awa<? FWER(RVY((3,0)) =
]P’(p(l)g%)—HP’(l—ozﬁp(l)):oz—i-IP(l—ozSp(l))
> ]P’(l—ozgp(l))=0ifa§%,
=1-P(1-a>py)=1-21-0a)=2a—1ifa>}

> Ifa> 2, FWER (RS ((%,0))) =1

ﬁFWER(RSU(<%,a>>)= 3a—1 if acll2

1 if a€el31

» Remark: for this model, FWER is saturated for Bonf and HB:
FWER (RBonf) — FWER (RHB) =P (p(l) < %) _
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Holm-Bonferroni procedure (HB)

2.10° replications

Target level vs estimated FWER of SU and SD Holm

o
S A A A &
© v
S o v
v
x S v
g *
z < _
o
[aV]
d 1 ® Target
v SD
o | A su
e T T T T T T
0.5 0.6 0.7 0.8 0.9 1.0
alpha

G. Durand (LMO) Adaptivity
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Storey-BH

Adaptive FDR control

P [Storey, Taylor, and Siegmund (2004)]

S NGRS |
> Fix A €]0, 1], iy — Do 1@»} _ m—|f£§)\+1

» Idea : large p-values are mostly null, and nulls are super-uniform, so
Yt Lpany = X0 Lipay 2 (1= A)mo

» “+1" for mg > 0 and for technical reasons

» Storey-BH is the SU procedure with 7, = min (amio, A) ,k > 1 (recall
To = 71 SO that T = Tky1)

> kStBH — max {k € [0, m] : pgey < min (akﬁfol, )\)}

~ . 1.St-BH ~
> FStBH = Tisesn = min (ak mo\/l’ >\>, RStBH _ R (tgt—BH)

» min(-,\) above to avoid overfitting: you don't look at the same
p-values for estimating mg and for rejecting hypotheses

» Up to this, Storey-BH is BH but with g instead of m
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Storey-BH

» As before, a link with FDP estimation:

> FDP (1) = Bt i< A, =1if £ > A

(1) < a} _
sup {t €10,1] : Gy(£) > t} with Gx(t) = 2 (IR(1)| V1) A A

—— St-BH
> 13theur — sup {t € [0,1]: FDP "

Lemma
’i.gt—heur — ’i.gt—BH J
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Storey-BH

Proof of the Lemma

> Similar to before, supremum well-defined, and Gy(t) nondecreasing
and [0,1] — [0,1] = £3t"eUr is a max and t3t-hevr = G, (f‘gft‘he”’>

> Remember that p(r(;)) < t and note that, here, a,\(t) = TIR(t)|»
combine this:

PRzl < B = G (B) = Tlaageier)
- ‘R <’t‘.5t—heur)
(e

= ’i.st-heur — /G)\ ('i.ast-heur) — T’R(i‘gt'hew)‘ S T/A(St-BH

< /’;St—BH
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Storey-BH

Proof of the Lemma

» Conversely, using that |R (T;seen)| = kStBH (property of SU),
- kSt-BH V1
G)‘ (T/A(St"BH) (|R (TkSt BH)‘ V 1 A )\ - Olm—o A )\ = T[A(St—BH
> So Tisten < Agt"“‘-’“r by definition of ’fst'he”’ O
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Storey-BH

FDR control
Theorem [Storey, Taylor, and Siegmund (2004)]

Assume that for all P € §, the (p;)icy, are independent and ~ ([0, 1]),
and they are independent from the (p;)ien; -
Then for all P € §,

FDR (RSt‘BH) <a(l-—A™)<a

» Proof by martingale techniques: the stochastic process is important
» Need true uniformity under Hg !

Three Lemmas

> V(R(t)) ~ B(mo,t) for all t € [0,1]

» The process (w) is a reverse-time martingale w.r.t. the
t€]0,1]

filtration (Ft)¢ejo,1) With Fe = o <(]l{p,'§t’}>

te 0,1
ieﬂl,mﬂ,tgt'gl) t€[0,1]
> ’t‘.gt-BH

is a stopping time (in reverse) w.r.t. (Ft)eco,1]

G. Durand (LMO)

v
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Storey-BH

Proof of the First Lemma

> V(R(t)) = Eie?—lo ]l{PiSt}
> lyp<ty, i € Ho, areiid. ~ B(t)
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Storey-BH

Proof of the Second Lemma

> We want to prove that for 0 < s <t, E [m

> E[V(R(S)IF = Sieny B [Lip<s)

E|ly, < |Ft e, < :
|: {pi<s} } — {p‘tg} fori e HO is sufficient

S
> By independence, for i € Hp,

AL

]—"t} SO proving

E []l{p,gs} ]:t} =E |:]]'{PiS5}

g (<]l{pfgt,})je[[l,m]],tgt’gl)]
g ((1{P’5tl}) tgt’fl):|

1, -
Fil = @ we need

=E []I{Piés}

1
» To have E @

1 1
E [HA@:l = E [HA@] fOI’ a|| A co <<l{pigtl}>t<t’<1>
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Storey-BH

Proof of the Second Lemma

» Which is Ps (A) = P; (A) forall Ac o ((H{P’St,})t<t’<1>

» By the Sierpinski—-Dynkin's 7-A theorem (“lemme des classes
monotones”), for all A in a 7w-system that generates

o ((]l{pi<t/}>t§t’§l) is sufficient

()= o)
(

> 133 cey (BR) = (2. (pi < ). {p < }.9)
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Storey-BH

Proof of the Second Lemma

> o ((ﬂ{p;sw})tgt,gl) =o({{p <t} t' > t})
> {{pi < t'},t' >t} is a m-system:
{pi<t}n{p <t'}={p <t'At"}
> Ps({pi <t'})=Ps({pi<s})=1=P:({pi < t}) =
Pe({pi < t'}) ]
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Storey-BH

Proof of the Third Lemma, due to Romain Périer
> Ift >\ {BBH >t =g e R
> lett <A

{82781 >t} = {7500 > 1}

{ FStBH /1 }
a——Fp—— ANt

mo

oO— > t} because t < \

_ {/A(St-BH\/l > @} _ {/A(St-BH\/l > {@-‘}
« «
o= [T o fieen= 1))

[0 [0

> with {1 > [m] € F\C Fi
0



Storey-BH

Proof of the Third Lemma, due to Romain Périer

> Let M = (1 — \)"[1, m+ 1] the finite set Mg belongs to

o (2]} = (o [2] <]

_ Mo = m m_Ot 3
= U o}ﬂ{ﬂkﬂa DL
= U {mo=mo}n (J {Zn’:n{pgakvlm}zk}

moEM k> |'”’TO"| - mg
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Storey-BH

Proof of the Third Lemma, due to Romain Périer

> {ﬁ70=mo}€.7-“>\g]-"tforallmoe./\/l

m
> Z]l{ < MM}Zk € Fun,, forall my € M, k > [™E] but:
1 p’—amo mg

=

kv1
a AX>a— AN
mo mo

o [ mgt
—[—0 W/\)\
mo (&%
o mot

2__0/\)\
my «

>tAN=

» So F w1,y C Ft too O
mo
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Storey-BH

Proof of the Theorem

> BSEBH = G, (5081) = & (|R (85BH) | v 1) A

o
s ~
> IFFDP (M) 2 o, g > o so 15BH =

> And so FDP (R (tSt ) =

1y V(R(E))
|R(,\)|+1 t5tBH

ASt-BH __ 1 1-)\ 1
> If FDP ()\) < « then £2¥°7 = X\ and ROV < Ym[ROVFL X

> And so FDP (R (£57BH) ) = FDP (R(\)) < aphiayr 2o

s (R (e[ va)

V(R(E8)) V(R gtStBH))
[R(EB) V1 — g t5tBH
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Storey-BH

Proof of the Theorem

FOR (R (£¥%")) = E

FDP (R (’fgt'BH>> ]l{F/D\PSt—BH()\)>a}]

+E

FDP <R (’fgt'BH>) ]l{ﬁD\PSt-BH()\Ka}]

1) V(R(?S“BH))
m— RO +1  toeBH “{FDAPS“B%A)@}]

1-A V(R(N))
E[ —[RN[+1 A 1{@5“8”(»@}]
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Storey-BH

Proof of the Theorem

L v (R (’fSt-BH))
E [O‘m NES ?St'c‘;'* ]l{Fﬁ’St-BHWZ“}

Lo v(RE) '
E lam “ RO +1 %gt-CI;H H{Fﬁas“B”(A)za} Fa _
]:A] 11{'%\PStBH(>\)Za}

(s ()
2.2t-BH
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Storey-BH

Proof of the Theorem

V(R(tvisHBH))

Ve is also a

d

» By-product of optional stopping theorem:
reverse-time martingale w.r.t. (F¢)eejo1]

» Also note that A > 2‘2"‘8” > = mio AN> O‘(n}—;f) A X a.s.
2St-BH a(l-X) 2St-BH
(o)) o[l ) i)

a(l-X) 2St-BH
(SO AN v

Vv (R (/\ v %3t-BH))
AV tS+BH
V(R(V)
)

E
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Storey-BH

Proof of the Theorem

. 1-x  V(R(\
FDR (R (5+51)) Sa]E[m_’R()\)‘_i_l (A( ))}

1- A V(R(\))
mo— V(RO\))+1 A ]

mo].—)\ k mo k —k
< — \)mo
—O‘kzzl A mo—k—i—l(k))\(l M

mo
mo — _
< az <k B 1)/\/( 1(1 o )\)mo k+1
k=1

el mo\ mo—k
<a ), p M1 =)

k=0
<a(l-A")<a O

Sa]E[

» Proof can be adapted to prove BH a 3rd time, but requires uniformity
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Adaptivity to signal strength and location

Introduction to hypothesis weighting

» SU and SD procedures are implicitly adaptive to signal strength:
strong signal = small p;'s = large k°V/kSD
» What if we have prior knowledge about the hypotheses likely to be
(strong) signal?
> We can encode that into weights and plug them into the procedure:
» Compare p; to w;Tg instead of 7%, w; > 0, with a bounding condition
on the w;'s
> If i likely to be (strong) signal: small w;, which makes larger w;'s
affordable for other hypotheses

> Weights can be random
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weighted-Benjamini-Hochberg procedure (wBH)

[Genovese, Roeder, and Wasserman (2006)]

> Let wy,...,wy, nonnegative random variables and consider the
mt

— wBH
weighted FDP estimator FDP (t) = ST A () VL

> Let £vheur — sup {t €0,1]: & (Zf’;l Lip<wty V 1) > t}

P> Alternatively, let
0 if pp=0,w;=0

g=4 2 if pi#0,w=0
%i if W;#O

> Remarks:
> g; < tif and only if p; < w;t
» Not the same ordering for the g;'s than the p;'s: denote it
91 < - < Gm)
» The weighted p-values g;'s are not valid p-values because not
necessarily super-uniform under the null
> All previous deterministic results on SU procedures hold nonetheless
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weighted-Benjamini-Hochberg procedure (wBH)

» wBH can be defined as BH applied to the g;'s:
kWBH — max {k € [0, m], quy < aXd b, FuBH — oz—kWB,:Vl and
RWBH — {i 1 qi < Ii’gBH} = {i pi < W,-%Z‘JBH}

> As before, tvheur — $WBH because

gwheur — gqup {t €0,1]: 2 (27;1 Tig<ey V 1) > t}, same proof but
with g; instead of p;
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weighted-Benjamini-Hochberg procedure (wBH)

FDR control

Theorem [Genovese, Roeder, and Wasserman (2006)]

Assume that for all P € §, the (p;)icy, are independent, that they are
independent from the (pj)iex,, that the (w;)icy, are independent, that
they are independent from the (w;);ey,, that (p;i) and (w;) are

independent, and finally that the w;'s are integrable with > ; E [w;] < m.
Then for all P € §,

FDR (RWBH> S aZiGHOE[Wi] =

- S

» Includes the case of deterministic (and possibly grouped) weights
based on prior knowledge

Lemma

Under the same conditions, for all i € Ho, P(q; < t) < tE [w;]. J
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weighted-Benjamini-Hochberg procedure (wBH)
Proofs
P(gi <t)=E[P(qi < tlw;)]
=E[P(p; < twj|w;)]
< E [tw;] by independence and super-uniformity
<tE[w] O

» For FDR control, same proof as BH for independent case, thanks to
all deterministic Lemmas on SU procedures:

FDR (R*BH) = 3~ i %1@ (q,- < O‘Z) Pk =k-1)

i€Ho k=1

m
o _ poi
<~ 'Z E[W,]ZIP’(/( — k 1)
i€Ho k=1
ZiE'HO E [Wl]
m
> Weights are independent of the data here, for adaptive weights see
€.g. [Roquain and Wiel (2009)], [Durand (2019)]
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An example of discrete test

Binomial test

» The simplest example: Xi,..., X, i.i.d ~ B(p), p € [0,1]
> X = Z?:l Xi

» 5 ={B(n,p),p € [0,1]}, discrete distributions

> |s the coin rigged? < Hy = {B (n, %)}

> pi(X), pi(X), pi(X) also discrete, but p;j(X) not the best suited for
bilateral tests

G. Durand (LMO) The discrete heterogeneous problem 93 / 157



Another example of discrete test

Fisher's exact test

P> Testing association between an allele and a phenotype of interest

Phenotype 1 | Phenotype 2 | Total
Allele A niA oA na
Allele a nia N, N,
Total n no N

» For large samples, 2 approximation:

_mnp 2 __nina 2 __mnp 2 __mna 2
(nl’AmN ) + (nl’am’v ) + (nz’AmN ) + (n“m’v ) follows x3(1)
N N

. -N . N
distribution under Hg
» What if we want an exact test 7

» Under Hp, conditionally to n; and na,
ma ~ H(N, ni,np) = H(N, na, n1), hypergeometric hence discrete
> pi(X), pi(X), pi(X) also discrete, but p;j(X) not the best suited for
bilateral tests
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Generic construction of p-values with discreteness
Following the idea of “the probability of an event at least as extreme as”
> Assume we have at hand a test statistic T; : X — R such that
VP € Hp i, 3A; p countable or finite such that T;(X) € A, p as.

» Then let
pi(X) = su Pzop(Ti(Z)=k
pi(X) pup. kgp e (Ti(2) = k)
Pz, p(Ti(Z2)=K)<P 7. p(Ti(Z)=Ti(X)|X)
Z1X
= Sup Pz (Ti(Z) € {k € Ajp: (Ti)xp({k}) < (Ti)xr({Ti(X)})]
o,i
= sup > (Ti)xp({k})
PeHy,; ke-Ai,P

(T ({KN<(T)#p({ Ti(X)})

= e (T (Tk € Aip = (Ti)gp({k}) < (Ti)p({Ti(X)1)})

» pi = IP( to realize a value of the support lesser or as common as
Ti(X))
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Generic construction of p-values with discreteness

Following the idea of “the probability of an event at least as extreme as”

Theorem

Di is an appropriate p-value, that is, it is super-uniform under the null:
Let Q € Ho,i, X ~ Q, then

Vx € R, P(pi(X) < x) < u(x). (4)

» This is actually more general than with discrete support given that
discrete and C R = countable but not the reverse

» Proof:

> As before, pi(X) > pio(X) = > (Ti)xo({k})
kG.A,;Q
(T#QUAN=(TH#e({ Ti(X)})
U([0,1]) is sufficient
[0

,1] a.s. and right-continuity of the c.d.f so we
) for x €]0,1]

so proving p; (X

)=
> As before, p; o(X) €
only need to check (4
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Generic construction of p-values with discreteness
Proof

» Note that

Pi,a(X) € Siq= > (THu({k}) L€ Aig
kEA,;Q
(TH#e({kN<(T)4e({€})
a.s., and S g is countable or finite
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Generic construction of p-values with discreteness
Proof
» Also note that for x € Sj ¢, x = Z (Ti)xo({k}),
kGA,',Q
(THee{kD<(THro({4})
l € Ajq, the c.d.f. of s;o(X) in x is

P(bio(X)<x)=P > (THxo({k}) < >
kE.A;}Q kE.A,‘yc
(T)#e({kN<(T)#e({ Ti(X)}) (THx({kH)=(7

P((T)xo({Ti(X)}) < (THxe({£}))

(Ti(X) € {k € Ai g : (THxo({k}) < (Txa({fH)})
= (T)#a ({k € Aig - (THxo({k}) < (Thwa({£})})
> (Txo({k}) = x

kGA,’VQ
(T#UANS(T)uo({£})

» = The c.d.f. of p; o(X) is the identity on the support of p; o(X)
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Generic construction of p-values with discreteness
Proof

\4

Let x €]0, 1], if x < x for all x" € Sj g then P (p; q(X) < x) =0 < x
> Else let x = sup{x’ € S; @,x’ < x} and note that
P (Bi,o(X) < x) =P (biq(X) < x)
> If x € Sjq (i.e. it's a max, e.g. if A g is finite), then
P(pio(X) <x)=x<x
> Else, P (p,0(X) < x) = P (Biq(X) < x) = limex P (b, o(X) < ¢) by

t<x
left-continuity

> Let t, € {x' € Sjqg,x < x},ta— x,
P (Pi,o(X) < tn) < P(Pi,o(X) < tn) =ty < x u
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Generic construction of p-values with discreteness
Corollary

If, for all P € Ho,j, (T;)4p does not depend on P, and if A; = A, p is
finite, then S; = S; p is finite too and we can order its elements
x1 < -+ < xy = 1 for some N and describe the c.d.f. of p;(X) really
simply:

VP e Hy;, X ~ P,Vx € R,

0 if x<xq

Ppi(X)<x)=<¢ xp if xp<x<Xpp1,n<N (5)
1 if x>1
» Denote ki, ..., kp the distinct elements of A; and order

(THwr ({kH)q) < - < (Ti)xp ({k1)p)

> Assuming all are # 0 (so take the smallest .A; possible) and no ties,
then N =D and x, = >27_1(Ti)#p ({k})(,), in particular
P (Bi(X) = xa) = (Ti)sep ({k })(n)

> xn = (Ti)gr (Ai) =1, always

> If ties, N < D




Generic construction of p-values with discreteness

Remark

» If, for all P € Hyj, Ai = A p does not depend on P (here, (T;)xp
can) and is finite, then the set of possible values for p;(X), pi(X),
pi(X) are also finite and do not depend on P

sup 3" (T)pp({k}) L€ Ay =

PeHo,i ke A;
k>0

sup (Ti)up([¢, o0]) EGA;} a.s

PE 0,i

sup Z (Ti)gp({k}): L€ A; p as.

PEH() i
(Ti )#P({k})<(T Jup({€})
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Generic construction of p-values with discreteness
Back to Fisher's test

Phenotype 1 | Phenotype 2 | Total
Allele A 0 1 np =1
Allele a 2 0 ny, =2
Total ng =2 n=1 N=3

» Conditionnally to na = 1, n; = 2, without association,
nl,A ~ H(37 172) = PO

2\ (1 2\ (1

> Po({o}) — (083()1) — % Po({l}) — (1)(0)

1

» Then pj(n1.a) = 2min(Po(] — o0, n1,al), Po
21 + 41
3 {nlyAZO} 3 {”I,Azl}

> Whereas 1 5
pi(n,a) = > Po({k}) = 311, =0} + 31 {ma=1}

ke{0,1}
Po({k})<Po({m,a})

» Clearly pi(n1,a) is less conservative than p;i(n a), furthermore p;(X)
can be > 1 (as soon as X has an atom of P > % and opening one
interval makes it invalid)




Generic construction of p-values with discreteness
Back to Fisher's test

» C.d.f. of pi(n1 a) under Hy, that is if if n A ~ (3,1,2) :

C.d.f. of uniform and 2-sided p-value

T T T T T T T
-1.0 -05 0.0 05 1.0 15 2.0

2-sided p-value from H(3, 1, 2)
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The issue with discrete p-values

Strict super-uniformity

VP € Ho,i, X ~ P,P(pi(X) < x) < u(x) and 3x, P (pi(X) < x) < u(x)

i.e. under the null, our p-values are larger than uniforms

Problem

Usual MT procedures designed for uniform p-values (seen as the worst
case)

> As discrete p-values are larger than uniforms, classic thresholds are
too low, too conservative = loss of power

» Goal: use the knowledge of the discrete c.d.f. under the null to
improve power
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The issue with discrete p-values

» C.d.f. plots of 2-sided p-values associated with #(60,5, 30),
(60,12, 30) and (60, 21, 30)

C.d.f. of uniform and 2-sided p-values C.d.f. of uniform and mean c.d.f. of 2-sided p-values

o | — uniform o | — uniform
=7 —n=s - mean c.d.f.

— n=12

— n=21
@ @
S S
< <
S S
< <
S S
R R
o o
S S

T T T T T T T T T T T T T T T T
-02 00 02 04 06 08 10 12 -02 00 02 04 06 08 10 12
2-sided p-values from H(80, n, 30) and n=5, 12, 21 2-sided p-values from H(80, n, 30) and n=5, 12, 21
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The issue with discrete p-values

» BH under full null, m/3 2-sided p-values derived from #(60, 5, 30),
m/3 from H(60, 12, 30), m/3 from H(60, 21, 30)
» MC estimation of the FDR with 10* replications

FDR of BH with uniform pval. VS BH with discr. pval.

0.2 4 o uniform
o discrete
0.15
4
:
T o
i o = 5 o
o
[a}
[
0.05 5
o
o]
o
04 o
T T T T T
120 300 600 900 1200

m
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Assumption for the remainder of the section

» 3 afinite set S such that VP € Hp;, X ~ P,P(pi(X) € Si) =1
» See previous remark for a sufficient condition and construction
> Also let s; = minS;
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Tarone-Bonferroni procedures

Increasing power for discrete tests [Tarone (1990)]

» A simple idea: if 5; > «, Hp ; can never be wrongly rejected so might
not count it when adjusting for multiplicity

> Let Ry = {i € [Lm]:5 < a}, m(1) =Ry, 117 = 2 and
RTB — R (’iLTB)
(6%
» tTB > #Bonf. |ess conservative than Bonferroni

» FWER (RTB) = Diew, I (Pi < ﬁ) = 2ieHonR, (Pi < ﬁ) <
amrg?lf)?ll < a O

> We can do better : Yk € [1,m], let R, = {i € [1,m] : 5; < ¢},

m(k) = |Rk|, actually FWER (RTB) is bounded by a% which

is even smaller = “fixed point” research
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Tarone-Bonferroni procedures

Increasing power for discrete tests

» Let K* = min{k € [1, m] : m(k) < k}, non-empty set because
m(m(1)) < m(1), £TBref — 2 and RTBref _ p (f;B«;f)
» For any fixed k,

k
VPES:P(H/EHoip;S%>S Z P<plg%>§am§()7
i€HoNRk
which shows that FWER (RTE) , FWER (RTE*) < o ¥

> K* is the optimal choice, TB-refined is even less conservative
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FDR control with discrete p-values

Heyse procedure
» Recall the previous plot of the mean c.d.f. of the discrete p-values

» = idea: “invert” this mean c.d.f. at a% and apply a SU procedure
[Heyse (2011)]

> Let F;: t > suppepy,, Px~p (pi(X) < t): worst-case c.d.f., and
F(t) = 5 Xy Filt)

> Let S=UiL; Si, T = max{t €S:F(t) < a%}

p RHeyse — pSU (7.)

» BH is also the SU procedure with £, = max {t esS:t< a%}

(effective critical values), F (&x) < & < a% so Tk > &k: Heyse less
conservative than BH, only with heterogeneity though: if F; = F; = F
and the assumption F;(t) =t, Vt € S; = S then F(t) = t for all
te S and 7 =&k

» Problem: RHeyse doesn’t control the FDR! [Déhler, Durand, and Roquain
(2018)]

G. Durand (LMO) The discrete heterogeneous problem 110 / 157



FDR control with discrete p-values

Heyse almost works though it works up to a small rescaling factor
Let 7, = max {t €eS: Z, 1 1F’£t()t < a}

Let RHSU = RS (7)
Can be more conservative than BH but not that much, and in
practice isn't

| 2
| 2
> For k < m, IetTk—max{tES t < Ty o lli({))ﬁoék}
>
>

Theorem [Déhler, Durand, and Roquain (2018)]

Assume that for all P € §, the (p;)icy, are independent, and they are
independent from the (p;)icn; -

Then for all P € §,
FDR (RHSU) <a
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FDR control with discrete p-values

4
>
>

>

>
>

We can do even better by implicit adaptivity to mg:
Let 7,, the same
For k < m, let 7, =

_ Fi(t) Fi(t) )
max {t €S t< 1y, ((1F,-(Tm))(1) +F (1Fi(7m)>(mk+1)) < akJ

Idea: if k “good” rejections, my < m — k + 1 so only control needed
for the worst case with m — k + 1 kept null hypotheses

Let RAHSU = RSV (1)

Less conservative than HSU because of larger critical values

Theorem [Déhler, Durand, and Roquain (2018)]

Assume that for all P € §, the (p;)icy, are independent, and they are
independent from the (p;)icn; -
Then for all P € §,

FDR (RAHSU) <a
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FDR control with discrete p-values

» Both FDR controls come from the same bound

Theorem [Déhler, Durand, and Roquain (2018)]

Assume that for all P € §, the (p;)icy, are independent, and they are
independent from the (pj)icy,. Let any critical value sequence 7 with
Fi(Tm) < 1 for all i € [1, m].

Then for all P € §,

F (Tk)
SU < =
FDR(R (T)) 12nka<xm Ag][[lm]] k
|Al=m—k+1
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FDR control with discrete p-values

Proof of the Theorem

» Recall the Lemma on SU procedures:
{pi < mpsu, KV =k} ={p <7, k" =k -1}
» Another one: let (o1,...,0m) = (72,...,Tm,T™m) and
k#* = max{k : ppy < ox} = ’RSU ‘ Then p; > 7 = k' = k#

» Proof: p( )<p(k NS Tk_ =0} Cso k=1 < k#, always

> Let p; = p(x;), note that p(k’) = p(k) for all k < k; and p(_k’) = P(k+1)
forall m—1> k > k;

> p; > T, entails P(k) = Pi > Tm 2 Ojpy > Pic#) SO ki > k#* (also
entails m > k%) so p(k#) Pt

~ ~

» Finally p(_i(;) = Pi#y < g = Tf;; and k#* < k=7 O
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FDR control with discrete p-values

Proof of the Theorem

> Starts like the proof of BH:

FDR (R*V(r)) = ZZ TP (pr < )P (k7 =k-1)

i€Ho k= 1

<y Z F(Tk)IP’< =k-1)

i€Ho k=1
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FDR control with discrete p-values

Proof of the Theorem

> Hide 1: 1 — Fi(tm) <1 —P(p; < 7m) s0

]P(Pi > 7_m)
< 7
YT F ()
1
_ {pi>Tm}
=k [1 - Fi(Tm):|

— E |: ]]'{pi>7'm}

_Ap>mm} |f=i| by
1— Fi(tm) ] by independence
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FDR control with discrete p-values

Proof of the Theorem

» Hence

i€Ho

FDR (RSU(T)) <Y E _F'( Tk~ '+1) » 1]

ki1l
< Z E ( '+1) E{ Lipi>rm}

< E by th L :
_,-;0 —F(Tm) " {k#<m}] y the new Lemm

icHo k=i 1= Fi(7m)
— E A( "H') ]]'{P:>7'm}
I.EZHO i k=i+1 1—Fi(tm)
(Tk#+1> ]]'{P:>7'm}
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FDR control with discrete p-values
Proof of the Theorem
» Hence

FDR (R%V(r)) < Z E

fA( ]l{;(#<m} because 7, > 0},

> A={i:p; >0} =[1,m]\RY(o)so |Al =m— k# by property of

Su
F (T # ) 1
FDR(RV(r)) <E| max e
( ( )) - AC[t,m] ie%ﬂA 1— Fi(tm) k# +1 {k#<’"}
|Al=m—k#
Fi(ths1) 1
<
o<kim- 1Arc“[[?>§,ﬂ GHZn WL Fi(rm) k1
A=
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FDR control with discrete p-values

» Analog Lemmas for FDR bound and procedures SD
> HSD: SD with 7y = max {t € § : £, 170 < ak}
» AHSD: SD with

. Fi(t Fi(t
Tk = max {t €S ((1,%()”)(1) +-+ (1,51()t)>(mk+1)> < ak}

» Higher critical values than HSU and AHSU, but SD: no one generally
better than the other

Theorem [Déshler, Durand, and Roquain (2018)]

Assume that for all P € §, the (p;)ien, are independent, and they are
independent from the (p;)icy,. Let any critical value sequence 7 with
Fi(tm) < 1 for all i € [1, m].

Then for all P € §,

D)) < - Tk
R (R (T)> 1<mka<xm AC[[l m]] k “ Z L=
|A|l=m—k+1
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Exploratory analysis in multiple testing

Exploratory analysis: searching interesting hypotheses that will be
cautiously investigated after.
Desired properties [Goeman and Solari (2011)]:

» Mildness: allows some false positives

P Flexibility: the procedure does not prescribe, but advise

» Post hoc: take decisions on the procedure after seing the data

[Goeman and Solari (2011)]

This reverses the traditional roles of the user and procedure in multiple
testing. Rather than [...] to let the user choose the quality criterion, and
to let the procedure return the collection of rejected hypotheses, the user
chooses the collection of rejected hypotheses freely, and the multiple
testing procedure returns the associated quality criterion.

FWER is somewhat flexible, FDR is somewhat mild
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Post hoc and replication crisis

Post hoc done wrong: p-hacking

4
>
>

Pre-selecting variables that seem significant, exclude others
Theoretical results no longer hold because the selection step is random

Example: selecting the 1000 smallest p-values in a genetic study with
106 variants

p-hacking may be one of the causes of the replication crisis (many
published results non reproducible)

= need for exploratory analysis MT procedures with the above
properties

Larger field: selective inference
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Post hoc inference

a.k.a. simultaneous inference

Confidence bounds on any set of selected variables

A confidence bound is a (random: depends on X) function V such that

VP € §,Va €0, 1P (VS C [1,m], V(S) < V(S)) > 1-a

> Hence for any selected 5 = 5(X), P (V(g) < V(E)) >1— « holds

V(s
V1

—

» Also FDP control: PP (VS C [1,m],FDP(S) <

(far) better than FDR control
> Originates from [Genovese and Wasserman (2006)],[Meinshausen (2006)]

) > 1 — «, hence

> A guarantee over any selected set instead of a rejected set, advise
some S instead of prescribe one R : the MT paradigm is reversed
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Post hoc inference
Some first, trivial bounds
> V(S) =S|
> Let a procedure R controlling the FWER, then V(S) = |S\ R| is a
valid post hoc bound

P(3S:|SNHo| >|S\R)<P@ES:|SNHoNR|+|SNHoNR|>|SNR
<P(3S:|SNHoNR|>0)
<P

([HoNnR|>0)<a O

P Let a procedure R controlling the k-FWER, then
V(S) =|S\ R| + k — 1 is a valid post hoc bound

P(3S:|SNHo| > |S\R|+k—-1)<P(ES:|[SNHoNR|>k—1)
<P(HoNR|>k—-1)<a O
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BNR technology

[Blanchard, Neuvial, and Roquain (2020)]

Key concept: reference family
» R = (R, Ck)kek with R C [1,m], (x € [0, |Rk|] (everything can
depend on X) such that the Joint Error Rate (JER):
JER(R) = P (3k, |Rk N Ho| > k)

is controlled at level « for all P € §
» Conversely, VP € §,Px..p (Vk,|Rk NHo| < k) >1—«
» Confidence bound only on the K = || members of R
» —> Derivation of a global confidence bound by interpolation
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BNR technology

[Blanchard, Neuvial, and Roquain (2020)]

> |dea: we get the following info on H:
Ho € A(R) = {A C [L,m] . Vk,|R N Al < G}

Two different bounds
> Vi(S) = maxacam) |S N A| optimal but hard to compute
> Vr(S) = minger (Ck + |S \ Ri|) A |S| easier to compute

» Vy is worse than Vi, proof: let A € A(R)
> |SNA| = |SNANRK|+|SNANRLE| < |ANRk|+|SN RS < (k+|S\ Rk|
> True for all k: |[SNA| < Vi(S), true for all A: Vi(S) < Vr(S) O
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BNR technology

Proposition

Assume that the Ry's are nested, that is Ry C Ry or Ry C Ry for
k, k' € K. Then V#(S) = Vr(S) for all S C [1, m].

» In the following we identify K and [1, K] such that Rx C Ry for
k < K

> V(S) = mink<k (G + IS\ Re) A [S] =
mink<k (Ck + S\ (Re N S)|) A |S] = Vim, o(S) with
Rrs = (Re NS, Gk ek

> Let (ko = Vir, g (ReN'S) = minjci (G + [(ReNS)\ (RINS)) A[ReN S|
and consider R = (Rk N S, Ck)k<k

> Ey takingi: k, Ek SLC;( + ’(Rk N 5) \ (Rk N 5)‘) A |Rk N 5‘ < (k so
Vii(S) < Vi, 5(S) = Var(S)
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BNR technology

Proof of the Proposition
» Useful set property : |[E\ G| < |E\ F|+ |F\ G|

Va(S) = min (min(G; -+ (R S)\ (R 1 S)) A [Ren S|+ 1S\ (Re 1 S)])

(WMQ+Wﬁﬂ$“&ﬂ$D+BM&HSDAM
G+ (RS V(RN + IS\ (R S)) A1lS]
(G 5\ (8151 A 11 = Vao(5) = Va5

in
K

RB ‘ZB e
5

> So V5(S) = Vir(S) (self-consistency result)
» Remark: this intermediate result does not use the nestedness and is
true in general
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BNR technology

Proof of the Proposition

> Let's construct AC S, A € A(R) such that |A| > Vx(S), will imply
Vi(S) = Vin(9)

> By nestedness,
Ck = min(G + [(Re NS\ (RN S AR S|
< J."y;g((j (R NS\ (RN S)) ARk N S|

= Ck+1
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BNR technology

Proof of the Proposition
» Furthermore,
Cirt :jn%i}rg(g +1(Res1 NS\ (RiNS)) ARk N S|
< jrr%i}rg(g F (R NS\ (Re N S) + [(Re N S)\ (RN S)[) A Ria N &
= (IR 09\ (R0 5)] + min(Gj + (R S)\ (R 0 S))) AR ¢
= [(Rer1 N S)\ (R0 S)] +jf2i2(Cj +I(ReNS)N (RN S)) AR S|

(nestedness: |Rk11NS| = |(Rex1NS)\ (RN S)|+ |RcNS)
= (Re+1 N S)\ (RN S)| +

> S0 0 < Crs1 — Gk < |(Rer1 N S)\ (ReN S))|
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BNR technology

Proof of the Proposition

> Let B = {(x — C~k~_1 elements of (RkNS)\ (Rk—=1NS)} 1<k <K,
with Rp = @ and (;, =0

> Let A=K, BLU(S\ (RkNS)), disjoint union because of
nestedness, AC S

> RN Al = Uk Be| = S5 1Bl = S (G — G) = G < Giso
A e A(R)

> Al =201 (Bl + IS\ (R N S)| = Ck +|S\ (R N S)| =
(Ck + 1S\ (RkNS)|)A|S| because AC S

> Finally Vax(S) = Vsi(S) < (G +1S\ (Rk N S)) A IS = 4] O
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BNR technology

» How to construct effectively a reference family (Rx, (x)kex with JER
control?

» One approach: constrain (4 = k — 1, Ry = {i € [1,m], pi < t},
k € [1,m], tx /* and search for valid (tx)1<k<m

» In this case, Rx C Ry 1: nestedness hence Vix optimal

» In this case, JER(R) = P (3k, |Rk N Ho| > k): k-FWER but
simultaneous over all k

v

(tk)1<k<m can be constructed with probabilistic inequalities
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Simes and Hommel inequalities
[Hommel (1983)], [Simes (1986)]

» Let Ui,...Un, mo super-uniform random variables

» Then P (Eli < mo, Ugjy < ai ) < a (Hommel inequality)

mo Hmo

» If, furthermore, they are wPRDS on [1, mg],
P (Eli < mo, Uy < %) < « (Simes inequality)
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Simes and Hommel inequalities

Proofs

» Consider the model Fy = {PUl,...,UmO} with Hp ; = Fy for all
i €1, mg], the U;'s are valid p-values

> Note that FWER = FDR when all null hypotheses are true, which is
the case here

ol

P <3/ < mo, Uy < > = FWER(R®Y)

mo Mm,

FDR(RBY)
a U

IN

» Same proof for Simes and wPRDS using the FDR control of BH [
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BNR technology

» Consequence: VP € §,
P <E|I < mO,P(i;;L[O) — mH ) < P (Ell < mOap(i:Ho) < W) <« and
similarly with wPRDS on Hyp, P (Eli < mo, p(ig) < m) <a

>t = n;"—km induces JER control, and if wPRDS on Hg VP € 3,

ti = 2k too

» Proof: let ¢, = Hp or 1 depending on the case (Hommel or Simes)

ak
EIkgK:\RkﬂH0|2k<:>E|k§mo:H/G[[l m] : p,gmc}ﬁ?{o

k
@Elkgmo:‘{ie’}-{o:p,-ga} > k
mcm
ak
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BNR technology

Theorem [Blanchard, Neuvial, and Roquain (2020)]

The bound Vi, :S— mini<k<m (k —14+>cs ]l{p_>a_k}> INMIRE
lommel - — ' mHm
a valid confidence bound, associated to the reference family

RHommel = ({’ tpi < ma_[_l[(m}’k - l)ke[[l,m]].

If, for all P € §, the (p;) are wPRDS with g as the subset, the bound

Vitgme, © 2~ MiN1<k<m (k =1+ s ]l{pi>a_k}) A |S| is a valid
confidence bound, associated to the reference family

mSimes — ({l Cpi < %k}’k_ 1>k€[[1,m]]'
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Closed testing
[Marcus, Peritz, and Gabriel (1976)]

» Designed for FWER control

» Form Hy ;= ();c; Ho,i all intersection hypotheses
» Have a collection of a-level local intersection tests ¢;:
VP e HO,I7PX~P (¢/(X) = 1) <a
> Examples:
» Bonferroni local test o, =1ifdiel:p; <
» Hommel local test ¢, = 1if 3i € I : pyy < 7%
> Simes local test ¢; = 1if 3i € I : p(y) < % (under wPRDS on Ho)

» Proofs: if P € Hyy, P € Hyp; forall i € I'so L(p;) = U([0,1]) for all
iel O
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Closed testing

» Closed testing: iteratively test Hy; only if all Hy 4, J 2 /, are rejected,
then reject the individual hypotheses Hp ; such that Hp (;) has been
rejected: RE/sd = {j ¢ [1,m] : VI C [1,m] with i€ [,¢; =1}

> VP € § FWER (RAs=d) < q
» P € Ho, (tautological), so

FWER (RC’Osed) =P(3ieHo:VIC[L,m],i€l ¢ =1)

SP(¢H021)
<a O

> Remark: each intersection test at level «, no multiplicity adjustment
to the number of intersection hypotheses tested (only ¢, matters)
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Closed testing
A fun result
Proposition

Assume that closed testing is conducted with the Bonferroni intersection

Closed _ pHB
test ¢y = ]l{a:elp, III} Then R = R"® a.s.

» First note that Vk € [1, m],V/ such that [[| = m—k+1, 3k <k
such that p) € {pi : i € I}, because if p; > pk) for all i € I then
| < m-—k

> If p; < #HBH (implies kHB > 1), let I such that i € I, we want
¢ = 1. 2 cases.

> If‘l‘gm—kHB‘i‘lthen piﬁﬁ%“ﬁﬁSO(b/:l

> If [/| > m— k"B + 1 (implies k"B > 2), |I| = m — k + 1 with
k € [1,k"B[. Let k" < k such that pyy € {p;j:i € I}. K < kH®
by definition of SD procedures py < %7 < 7iq7 = ﬁ so
¢r=1

» Hence RHB - RCIosed
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Closed testing

Proof of the Proposition

>
| 4

Let i € RCsed . ¢, =1 for all / such that i €

Let k = min {k efl,m]:pi < m} well-defined because
¢y =1sopi <a

Goal : show that k < kHB, will imply i € R"B

By recursion, pry < =% for all k' e [1,k], imply k < kHB by
definition
K'=1: ¢p,m =150 pay <

Let k' < k, by definition of k, p; > R 2 Pk = 2 P
Soiecl=[1,m]\{(1),...,(K)} with || =m—k'. i € R¢esed 5o
o1 =1, henceﬂjel:pjgﬁ:mhence

P(k/+1) = MiNje Pi < oy
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Closed testing for post hoc inference
[Goeman and Solari (2011)]

Main idea

The closed testing provides more information than just the individual
rejections:

> Let X' the (random) set of all / such that we rejected Hp
» Simultaneous guarantee over all Hp;, [ € &:

VPeF P(3leX,PeHy) <

» Proof: as before, if P € Hy, | € Ho, so Ho € X, so ¢y =1 ]
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Closed testing for post hoc inference

v

A simple example where the closed testing is more informative than
the resulting FWER procedure:

pL = %‘1 P = 2?0‘ p3 = 1, and Simes intersection test
Pk) < a% for k =1 and 2 so Hy (123 rejected

Pe) < a% so Hy (1,2} rejected

vvyyYyy

«

But p(l) > %, p(2) > > and p(3) > (o SO HO,{1,3} and H07{2’3}
conserved

v

Hence Hg {1y, Ho {2y and Hp 3} all conserved and RClosed — &5 but
we learned that there is signal in Hg (1 23y and Hg ¢1 23!
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Closed testing for post hoc inference

Confidence bound derivation

» The proposed confidence bound is Vis(S) = maxcs |J|
Jgx
» Uses all information in X, not just singletons

» First note that Vgs(S) = maxygx [SN J|, < obvious, and if J ¢ X,
SNJ e X would imply J € X by closure, so SNJ & X and >
achieved

» Vis(S) = maxycs |J| is a valid confidence bound because
Jgx

P(3S,[S N Ho| > Ves(S)) < P <35, S0 Ho| > mac|S 1 J|)

<P(Ho € X)
<P(ow=1)<a O
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Closed testing for post hoc inference

JER equivalence

Proposition
R = (/,]l] — 1)jex controls the JER and Vgs(S) = Vii(S). J

P(3leX:[INHo| > |I|—1) <P (3l e X :|INHo| =]l
<P3l€X:1CH)
<P(Ho € X) by closure
<P

» Recall Vs(S) = max ey |S N J|

> AR ={A: T e X, |[INA=|I}={A:TecX,INA=1 ={A:
Al e X,1 C A} = X by closure

> So Ves(S) = maxyeqm) [SNJ| = Vx(S) O
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Closed testing for post hoc inference

JER equivalence

Proposition

Reciprocally, let R that controls the JER, then there exists a collection of
intersection tests for which Vgs(S) = Vii(S).

> Let ¢ = ]l{IQ.A(ER)}v valid test : let P € Ho’/, so | C Hy, then

P(l¢ AR)) =P (3k € K: |INRk| > Ck)
<P(EkeK:|[HoNRi| > k) <
» By definition, A(R) = exactly the conserved intersection hypotheses,
so trivially A(?R) C X and V(S) < Vis(S)

» Conversely, if J € X€, there is B € A(fR) such that J C B so
1SN J| <|SNBJandso Vgs(S) < Vi(S) O
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Back to BNR technology

[Durand et al. (2020)]

» How to construct effectively a reference family (Rx, (x)kex with JER
control?

» Another approach: constrain Ry to some deterministic regions (using
prior knowledge like gene ontologies) and (super-)estimate |Rx N Ho|
to get a (k

Proposition
If the Ry form a partition of [1, m], then V§(S) = > e Ck A S N Ryl J

> Let any A€ A(R), |[RkNA] < (kso [ANS| = ke [ANS N Ry|
with [ANSN R <Rk NA| <k and [ANSN Ry <|SN Ry so by

taking the max, VG(S) < > xex Ck A 1SN Ry|
» Construct A = Uyei {Ck A |S N Ry elements of SN Ry}, A e A(R)
SO Y kek Gk A SN Ri| = [A] < VR(S) 0
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Back to BNR technology

Cx computation

Theorem

Assume that for all P € §, the (p;)icy, are independent, and they are
independent from the (p;)icn; -

Assume that /C and the Ry are deterministic. Let Cy = %Iog (%) for all
A €]0,1]. Let
1/22
Ca c2 Sicp 1
—RJIA mi K K i€Ry ~{pi>t}
G=IRdA min loa—p ™+ (4(1 S R

Then, if % < % R controls the JER at level .
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Back to BNR technology

Cx computation

» In practice,

c 2 Rl 2|2
— ; I2¢ & Ri|—
G = [Ricl A mino<iciry| 2(1-p(eRry)) T <4(1_P(£:Rk))2 t l_P(Z:Rk)>

» Entry cost: () > [C%J = {Iog (g)J > 1 as soon as a < e °K:
impossible to detect regions made of pure signal

» & union bound correction w.r.t. the number of regions

» Dependency on « and K are only through a log
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Back to BNR technology

Proof of the Theorem

» Dvoretzky-Kiefer-Wolfowitz-Massart inequality [Massart (1990)]: let any
SC1,m], So=SNHov=1_S]| and Ui,...,Upiid. rv. with
Py, = U([0,1]). For all & > /45 log2,

1 1
P|sup|— Liy<n —u(t) | >e| = sup | — Liy<n—t] >c¢
(teR (,, I_EXSZO {Ui<t} ( )) ) (te[m[ (”f;so {ui<t} )

> Let any A < % andez,/%log(%) :%CA, € > 1/%Iog2
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Back to BNR technology

Proof of the Theorem

So, P (SUPte[O 1 (l Yieso Lui<ty — t) > 5) <A
SUPtco,1[ ( €S ]l{U <t} — t) < E) >1-A
infeefo,1 (t — 2 Y ies, Iy, <t}> 6) >1-A

JESED

P

P (

]P’<Vf€ [0,1[t = J Yies, Liyi<y > —¢) > 1
P

P (

v

vt € [0,1], (1- % Sres, Ljue) —(1— 1) > —¢) > 1

Wt € [0,1], 1 D, Lusy —(1— ) > —) > 1)

vV v v v v v
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Back to BNR technology

Proof of the Theorem

> With P >1— ) forall t €[0,1],
Yiesy Liysey —v(1 —t) +/vC\ >0, let x = /v and solve this
second degree polynom in x

> A= C{+4(1—1t)Ycs, Ly > 0, the polynom is > 0 inside of

) CA:E )\+4(1 t) ZiESO {Ui>t} )
its two real roots 51=7) , one is < 0 and the

other > 0, and x = /v >0, so

Cy + \/Cf + 41— t)Yies, Liu>e)
2(1—-1)

1/2
-GS G N Sies, Liusa |V
2(1—1) 4(1 —t)? 1—t

X <
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Back to BNR technology

Proof of the Theorem

> With P >1— ), for all ¢t € [0,1],

Cx 3 E'es ]1{U>t} M2 i
< A €50 i
Vs 2(1-1&)*(4(1—1:)2Jr 1t )

» Let by = ]P)(Pi < t), for i € Ho, bir <t so ]l{U/>t} < ]l{U,->b,-t}

» Then,
1/2\ 2
_ Cy 3 2iesy L{u>bi)
]P) < 0 i it > 1_)\
V= tgf(l)?l[ (2(1 —t) + <4(1 —t)2 + 1—t -
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Back to BNR technology

Proof of the Theorem

L
» Lemma: (Z,‘GSO H{Ui>bit}>t€[0,1[ = <Zi650 ﬂ{pi>t}>t€[0,1[

[y

> So ,
Flv=.mn, (2(1Ci 0 (4(16—§ 0" Zieioil{:i>t}>l/2> 21-A
> And finally
2
P(ISnHol < min (2(1Ci 5t ( 4(1(:_)%t)2 - Zief f{f”})lp) >

» Apply this to S = R, and A = %, add the |-] and |Rk|A freely, and
use a union bound to conclude O
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Back to BNR technology

Proof of the Lemma

> We show that the marginals finite-dimensional are equal, only with
two marginals w.l.o.g.: let t; < t» € [0,1]

L
> We show (Y;cs, Ly, 1o Lieso 11{Ui>b”2}) £

(Z,ESO Lip>uys 2ies, ]l{p;>t2}> with the equality of the
characteristic functions

o(s,u) =E [exp (zs Z ]l{U;>bit1} +u Z ]l{Ui>bit2}):|

i€Sy i€So

=JIE [exp (lS]l{U,->b,-t1} + zull{u,->bn2}>}

i€Spy
by independence

» Same for (Z,-eso Lip>n1s 2ies, ]l{p,>t2}>3 showing equality inside
the product is enough
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Back to BNR technology

Proof of the Lemma
» (bjt): nondecreasing so

i(s,u) =E [exp (ZS]I{Ui>bitl} + ZU]I{Ui>bir2})}
=K [eXP (l(s tu)leyop, )t ZS]l{b;t22U;>bftl}>}

= eZ(s+U)]l{X>bit2}+15ﬂ{bft2 ZX>b"t1}dx

[0,1]

=/ e (st x —|—/ edx + dx
1bity ;1] 1bity ;bir, | [0,bit,; ]

= eZ(S—H’)(]‘ - bitz) + els(bib - bitl) + bitl
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Back to BNR technology

Proof of the Lemma

» Similarly,

Yi(s,u) =E {exp (zs]l{piﬂl} + zu]l{pi>t2})}
g E |:eXp ('l(s + u)]]'{Pi>t2} + Zsﬂ{t22p1>t1}>]
_ / el(s“)ﬂ{”f?}ﬂsﬂ{b2X>t1}IP’p,.(dx)
[0,1]

= [ )+ [ B+ [ Bp(x)
It2,1] Jt1,t2] [0,t1]

= TP, (Jta, 1]) + Py, (Jt1, t2]) + P, ([0, ta])
= (1 = byy,) + (b, — bit,) + bir, [
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Topics that were not covered

» Bayesian multiple testing, ¢-values, g-values
» Knock-offs

» Permutation p-values, conformal p-values
» Sequential/online multiple testing

> Multiple testing with e-values

| 4

And many more
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